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1 Introduction

In recent years, an increasing number of vendorsfofmation technology have begun to offer
their customers the option of purchasing equipment vathptter processing, storage or other
capacity that exceeds the customers basic requirenflemting the customer to refrain from pay-
ing for the surplus capacity until it's actually requifed the customer’s business grows, experi-
ences seasonal fluctuations or the like). Thus a vemught supply a 12-processor computer
server with only 8 operational processors (at a lawiéal price), with the customer paying to
use the idle processors “on demand”. Examples of pati€OD products are described in (Sun
2005), (IBM 2005) and (HP 2005); a survey is presented in (BgetBi004).

Almost invariably, these so-callehpacity-on-demanafferings also incorporate some form of
pay-per-usearrangement, so that the equipment monitors the edpacity activated during
some period (a month, for example), and the customehasged accordingly at the end of the
period. These charges are based on a rate per uaipatity used (normally expressed as the use
of a resource — a CPU or bank of processor memory,osarea of disk storage — for a given
time), such as “dollars per CPU-hour” or “dollars pejagyte-month” (Shankland 2005). In al-
most all cases, the buyer is required to commit togusioertain minimum number of units at the
given rate within the period (IBM 2005, HP 2005). For theai@der of this paper, we use the
term “capacity-on-demand” (abbreviat&DD) to denote the rather than the more cumbersome
— if more precise — “capacity-on-demand with pay-per-tse”.

Much of the appeal of capacity-on-demand — at leastrdicepto its vendors — is that matching
a buyer’s expenditures on IT equipment to the use of thapment helps manage the risks that

! In fact the terminology surrounding capacity-on-demand ptedand their brethren is somewhat vexed:
The terms “capacity-on-demand”, “on-demand”, “pay-per-usility computing” and “agile computing”
(amongst others) have all been used by vendors to bleshg sort of products examined in this paper. To
save confusion, we use the term “capacity-on-demandésaribe these products, which we take to com-
prise computing resources dedicated exclusively to one cest@nd usually situated on the customer’s
premises) that offer additional capacity for an additiée&based upon recorded usage.
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the buyer faces; this is a point made explicitly in (IR®I05) and (HP 2005). COD products al-
low the buyer to purchase additional capacity shouldngexl arise (reducing the risks due to
business disruption), while not requiring payment for capahat's never used (and which is
presumably not contributing to the buyer’s business).

This paper examines some of the subtleties that surrthengbricing of capacity-on-demand

products. In particular, it examines conditions underckvigirovision of such products can be ex-
pected to improve a vendor’s expected profits. Certatufes of COD products are of particular
interest in the analysis:

* Regardless of the amount of extra capacity actually bgethe buyer, the seller's cost of
providing that capacity is essentially fixed (it's mar-less the cost of producing the entire
piece of equipment). This significantly simplifies @nealysis, in that it allows us to focus en-
tirely on the revenues generated for the seller weldzulating the effects on profits.

* As indicated above, COD products are usually offered gism of “insurance” — in buying
such products, the buyer expects to reduce the deleteffeats ef uncertain events. Thus
the attractiveness of COD products to a buyer genatefignds upon the buyer’s appetite for
risk.

* As we will demonstrate, COD products can expose tlegidaer to the possibility cidverse
selection since buyers may be better informed about their futurgeuthan is the seller, they
may be able to make use of this private informatiothattime of the purchase to the detri-
ment of the seller.

The remainder of the paper is as follows: In the sextion, we look at some of the existing re-
search related to the work detailed here. Themalsimodel is described that attempts to capture
the salient aspects of capacity-on-demand productshengsues involved in their pricing. This
model is examined in detail with different assumpticnscerning the information available to
the seller and the buyer. In each case, the COD gamaant is compared with a more conven-
tional purchase in which the vendor essentiallysstle entire piece of equipment to the buyer
upfront. We finish with general conclusions, some meoendations for practical approaches to
COD pricing and for future research.
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2 Related Work

The capacity-on-demand products described in this p&jaee snany of the characteristics of so-
called utility computing offerings? The latter (as we discern the term here) provideess to
sharedcentralized computing facilities on a pay-per-use b#sisidea being that a buyer of such
services pays to have individual transactions exedatle computing center, in a manner remi-
niscent of the time-shared computing arrangemen@nogarlier era. Like capacity-on-demand,
utility computing normally involves some sort of usdgesed pricing, and also shifts the seller
from variable to fixed costs of provision. For an exampf utility computing products, see
(Shankland 2005) for a brief overview of one vendoris.li

Investigations of the economics of utility computingvé a long lineage — perhaps unsurpris-
ingly, given that it at least partially recapitulatéme-sharing. (Mendelson 1985) is a seminal
reference that examines different approaches to prmiumdy shared computing services. More
recently, research including (Paleologo 2004), (Liu eR@01) and (Hellerstein et al. 2004) has
revisited some of the same issues, focusing partiguterithe more modern context of Web ser-
vice hosting’

There are a number of key differences between theostos of utility computing and those of
capacity-on-demand. Most notable of these is thatyutibmputing centers are usually subject to
multiple service requests from many buyers at the semee $o that many of the models used to
describe them involve extensive use of queuing theoryee(lglendelson 1985), for example, or
(Liu et al. 2001). By contrast, capacity-on-demand (@stléhe term is used here) involves a sin-
gle buyer’s use of a non-shared resource, eliminatinchrof the technical machinery associated
with modeling utility computing. With utility computingsharing of the provider's computing
center alters the cost-structure of the services gedviepending on the number and nature of
the requests made by the purchasers — see (Paleologo 20@4discussion of “multiplexing
gains” and Hellerstein et al.’s (2004) use of invenmgtrol concepts to deal with multiple re-
guests. Again, such considerations are irrelevarthencapacity-on-demand setting, where the
vendor’s costs are essentially fixed. Finally, weertbat in contrast to this paper, work to date on
the pricing of utility computing products has paid litd&ention to the role of risk aversion —
indeed (Mendelson 1985) mentions it only insofar adefiberately elects to ignore it.

% Indeed, as we observed earlier, some COD products baadlpbeen sold under the “utility computing”
moniker (Sun 2005).

% It is perhaps interesting to contrast the literatuadrsost exclusive attention to the economics of wtilit
computing systems with customers’ apparent preferenc@0®@ products, as indicated in (Lyons 2005).
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COD products also share some of the characteristicafarmation goods— goods such as
books, music, films and computer software that can dpzeéid and copied at little or no cost. A
prime distinguishing feature of information goodshattwhile there are usually fixed costs asso-
ciated with their production (up-front investmentswnmiting, filming, etc.), the corresponding
variable costs (of copying) are very low. Similanyith COD products, the costs of providing
capacity (up to the maximum capacity of the equipment pedyidre fixed (being the cost of
producing the equipment itself), while the variable aafsenabling the idle capacity is almost
negligible. Works such as (Varian 2000) and (Sundarar2(®4) examine some of the issues
involved in pricing information goods, focusing pautarly on the role played by transaction
costs (costs associated with monitoring, billing, )etlt is notable that Sundararajan (2004) spe-
cifically mentions IBM'’s “pay-per-use” zSeries softwathough not hardware) as an example of
an information good.

While related to that here, work to date concermirigrmation goods differs in some important

respects: First, research on information goods cdrates on primary demand in consumer mar-
kets rather than derived demand in an industridgingetThus in a consumer market, future de-
mand is determined entirely by the buyer’s preferelfadsch are usually assumed to be fully
known), whereas here, the buyer’s future demand mayobkastic, since it is driven in turn by

the demand faced by the buyer’s business. And the uimcagtture of the buyer’s future demand
and the role of COD products in mitigating such unaetaalso raises issues concerning the
buyer’s risk aversion, which is normally omitted frdime treatment of information goods.

Finally, as we noted above, some of the investigatiescribed in this paper concern the effects
of information asymmetry in dealing with uncertaeneand. Similar issues have recently been of
concern to researchers in supply chain managementAwvith the work here, in the supply
chain literature it is normally assumed that the bypgmsesses private information (or is at least
in an advantageous position with regard to obtainirglp snformation) about the nature of future
demand, and may be tempted to use it to the disady@otahe supplier and the supply chain as
a whole. Papers such as (Miyaoka 2005), (Lariviere 2002jGaxchon and Lariviere, 2001) dis-
cuss the structure of contracts intended to ensurghbdiuyer of a product shares forecasts of
stochastic demand for the product with its supplierso¥grview of the literature in this area is
provided in (Cachon 2003).

Of course, though the distribution of information iegl supply chain scenarios (where the buyer
may be in possession of a private forecast) parafiatsin this study, many of the physical details
involved differ considerably. For example, productionpbiysical inventory (in contrast to the
activation of spare capacity in COD) is a costly &mg-consuming activity, giving very differ-
ent incentives to the participants.
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3 A Simple Model of Capacity-on-Demand

The model used in this paper attempts to capture thmglisthing aspects of capacity-on-
demand products in as simple a setting as possibleatitires two actors: &eller (designated
female for purposes of identification) and a (mbleyer It is assumed that the seller is a monop-
oly (this is not too far from reality in much of tmemmercial information technology market,
where issues such as software compatibility and ti@irgéguirements normally give vendors a
fair amount of “lock-in”, at least in the short tgrninteraction takes place over a single period.
At the beginning of the period, the seller offersuamber of units of “capacity” at a specified
price, on a take-it-or-leave-it basis. As discussefention 1, this “capacity” may take the form
of CPU’s, processor memory, data storage, or tretlilat are placed at the buyer’'s disposal
throughout the period. Also in keeping with the obséomaive made earlier, we assume that the
seller’s costs are the same regardless of the arnbaapacity used by the buyer.

We consider two separate pricing schemes:

* With thebulk pricing scheme, the buyer pays a single price forige to useall the capac-
ity throughout the period.

» According to thecapacity-on-demandr COD scheme, the capacity provided is divided into
two amountsBasecapacity, which the buyer purchases for the duratidheoperiod (this is
the minimum usage commitment discussed in the intramh)ctand contingent capacity,
which the buyer purchases (presumably after the fact)ifdmt uses it during the period.

For the purposes of comparing the two pricing schemesassume that it is possible to delimit
two units of capacity — onkaseunit and oneontingentunit — amongst those on offer. Again,

such units may represent an hour of CPU time, a dag'®iua gigabyte of storage, and so on; it
is not required that they be the only units of capamityided to the buyer.

With bulk pricing, the buyer is chargeg, dollars for the right to use both base and contingent
units. Under COD pricing, the buyer pays dollars for the base unit only, and pays an addi-
tional p, dollars in the event that he also uses the comtingeit — thus his total payment is
either $p, or $2p, depending on whether or not he uses the contingént un

Since capacity-on-demand products are intended to ldeasdirms, it is logical to assume that
they are employed in a production process (where “primitictnay include the provision of a
service, of course). The buyer, therefore, realizeaetarypayofffrom his use of the capacity
furnished by the seller. For convenience (and shmmth monetary denominations and units of
capacity are arbitrary), we will assume that thgoffafrom the first unit is $1. Since the buyer’s
use of the contingent unit is not prescribed (byndmn), however, we will make its payoff de-
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pendent on the “state of the world”, as describedheybinary indicatoro . Thus if 0 =0, the
payoff of the contingent unit is $0 (in which case ltger has no incentive to use it), whereas if
o =1, the contingent unit has a strictly positive paydif> 0 (so that the buyer may choose to
use it, depending on the price demanded by the seller).

We assume that the buyer’s production process exhibittlystlecreasing returns to scale, so
that the maximum payoff from the contingent unit iscHr less than that of the base unit. (This
postulate is not insupportable, in that capacity-on-densasdpposed to provide “extra” capacity
above the base, and also in that we can choose — dhg first unit of the base capacity as our
base unit, and the last unit of contingent capacityadlgtused as our contingent unit.) Therefore,
since the payoff from the base unit is $1, we requirefthacontingent unit’'s payoff$v <1.

Finally, so as to make the potential of COD productsnitigate risks attractive to him, we as-
sume that the buyer issk-averse Thus we accord him a utility functiob) (), that expresses his
preference for monetary outcomes, and which isimentis, strictly increasing and strictly con-
cave? We lety stand for the buyer’s initial wealth.

An aside: One might object that the model's assiompif a linear pricing scheme for the COD
offering is simplistic. In fact, the assumption tthmse and contingent units are charged at the
same rate is consonant with the “minimum unit commants” described in (IBM 2005), for ex-
ample, or (HP 2005). Furthermore, the “units” oféand contingent capacity need not be physi-
cally identical — the analysis here is unalteredasy as both units cost the same under COD,
and the maximum payoff from the contingent unitigctly less than that from the base unit.

“ To keep the analysis tractable, the seller is assuisiedieutral.
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; v<1l ifo=1
1 Unit Conlglrr:igt;ent Payoff: ${ 0 oo
AN
Contingent || |
Capacity
Base
Capacity
~ 1 Unit Base Unit Payoff: $1

Figure 1: Model lllustration

The model is illustrated in Figure 1, and possible ouésoare summarized in Table 1.

Offer Accepted Declined
og=0 =1 og=0orl
Bulk P, P, 0
Payment
COoD P, 2p, 0
Buyers | Base unit 1 1 0
payoff | contingent unit 0 Y 0
Buyer's net | Bulk 1-p 1+v-p 0
$ benefit | cop 1-p, 1+v-2p, 0
Buyer's | Bulk U(y+1-p) U(y+1l+v-p) u(y)
utiity | cop U(y+l-p)  U(y+l+v-2p) U(y)

Table 1: Model Summary
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3.1 Variations on the Simple Model

As suggested in the introduction, the effect of pgaitecisions for COD products depends cru-
cially on the information that the seller and buyavénabout the buyer’s future usage. In the sim-
ple model outlined above, this corresponds to infolmmadibout the actual value of the indicator
variable o — the “state of nature” that determines the buyer’'soffidyom the contingent unit,
upon which his usage depends. Thus we analyze thregimasi of the simple model that encap-
sulate three different assumptions about the informatmilable to buyer and seller:

* In theNo Buyer Forecastsase, both the buyer and seller share the same atfonmabout
the value ofo , which takes the form of a probability distribution.

» With Infallible Buyer Forecaststhe seller still knowsr only up to a probability distribution,
but the buyer knows the actual value @f, which allows him to determine his future usage

perfectly at the time the COD contract is offerad. hi

» Finally, Fallible Buyer Forecastsirrive in the shape of an additional state variaBlewhose
value is known only to the buyer, and which is (posi$iv but imperfectly) correlated with
o . The seller, it is assumed, knows nothing ab8utBoth seller and buyer still share a
probability distribution of the value o, but the buyer is able to use his additional informa-

tion to refine this distribution.

3.2 Game-Theoretic Framework

Nature's

move 3

Seller
sets <
price

©
©

Buyer accept accept

accepts/ . .
declines < decline decline

offer

Figure 2: Basic Game Tree

_8_
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Analysis of the model variations in the previous isecis conducted within the framework of
Bayesian game thearyull introductions to the topic of Bayesian gamdso(&nown aggames
with incomplete informatignare given in (Fudenberg and Tirole, 1991) and (Myerd88y7);
only the most fundamental elements of the framewamk required in the analysis conducted
here.

In its basic form, the simple model gives rise toaag tree resembling that depicted in Figure 2.
The latter sets out a sequential game with three ggailee buyer and seller discussed above, and
nature which chooses the value of the state variableThe game proceeds in three steps:

1. Nature chooses the value®f, thus determining the buyer’s payoff from the contimgeit.

2. The seller offers either bulk or COD with a giveic@r (Since the offer price is continuous,
the seller chooses from an infinite number of altévaa at this stage, indicated by circular
arcs in the diagram.)

3. The buyer accepts or declines the offer.

The moves selected at each stage of the game detdime final payoffs of the buyer and seller,
the risk-averse buyer's payoff taking the form of thdity of his wealth, and the seller's com-
prising her revenue.

In analyzing the game, we seelBayesian Naslequilibrium wherein both buyer and seller look
to maximize their expected payoff, assuming that thergbhayer does likewise. Discussions of
the descriptive, predictive and normative implicatia@isNash equilibria (and thus of Bayesian
Nash equilibria) may be found in (Mas-Colell et al., 1995, 248 — 249) or (Fudenberg and Ti-
role, 1991, pp. 18 — 29).

For reference during the discussion in the next sestibable 2 summarizes the parameters of
the basic model and its variations, along withrthesumed ranges.
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Quantity Interpretation Range/Assumptions
o “State of the world” indicator ol{0, 1
$1 Payoff from base unit in either state
\Y Payoff from contingent unit when o =1 O<v<l1
y Buyer’s initial wealth y>0
U(-) Buyer’s utility function Continuous, increasing, concave
" Buyer’s risk aversion index R,>0
@ Probability that o =1 O<g<1
Bulk offer price p, >0
P, COD offer price p,>0
p Offer price (bulk or COD unspecified) p>0
e(p) Seller’s revenue as a function of bulk price
e(p) Seller’s revenue as a function of COD price
Py Seller’'s optimum bulk offer price p/>0
P, Seller's optimum COD offer price p,>0
g’ Seller's maximum revenue with bulk pricing g0
e Seller's maximum revenue with COD pricing e 20
e Buyer’s private signal variable 60{0, 1
P Accuracy of buyer’s private signal 3<p<1
C,o(+), etc. Predicates involving offer prices (Section 6)
I(+) Characteristic/indicator function I(true) =1, | (false)= 0

Table 2: Summary of Notation

(Parentheses, brackets, braces and the like @arehanged freely in the interests of clarity.)

_10_
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4 Variation I: No Buyer Forecasts

4.1 Overview

Figure 3: Game Tree — Fallible Buyer Forecasts

In this variation, neither buyer nor seller has dfi@ information about the value af , as re-
flected by the regions drawn around sets of nodekerfigure> When the buyer moves, there-
fore, she is unable to distinguish between the two swodsulting from nature’s moves. Corre-
spondingly, the buyer is able to distinguish betweeresialy on the basis of the offered price
(only two sample pricespandp are shown in the figure), not according to theestdtnature
they reflect.

Both buyer and seller, however, do share a probabitityilalition (termed therior distribution)
over o . Sinceo is a binary variable, this distribution is complgtdescribed by a single model
parameter:

p=Pr(c=1), sothat Pd= 0 4¢ (1)

We now examine how each player might maximize arsfiayoff under bulk and COD pricing.

® In game-theoretic parlance, they delimit ihfermation set®f the game.

_ll_
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4.2 Bulk Case

Recalling Table 1, when offered a bulk pripe, the buyer with initial wealthy faces the follow-
ing outcomes, contingent on his choice to acceptectirg the offer and the state of nature as
indicated byo :

Accept/decline offer State Buyer’s Utility Probabil ity
=0 U(y+1- 1-
accept g (v R ¢
o=1 U(y+1l+v-p) 7
decline ‘ c=0,1 U (y) 1

Thus if the buyer is to maximize his expected tyti{fa condition for the Bayesian Nash equilib-
rium we seek), his best response to the offer fslasvs:?®

{accept if L-@U(y+1-p)+@U(y+1+v- p)= U(y

. . ()
decline otherwise

Since the seller always earfi@, in the event the buyer accepts in (2), her reveae a function
of the price offered) are:

el(mz{plif L-9U(y+1-p)+@U(y+1+ v p)= U y ©

0 otherwise

This characterization may be further refined usingtandard result from utility theory. Specifi-
cally, it can be shown (see Nicholson 2001, pp-282, for example) that for random variatle
with meany and variance?®, expected utility may be approximated:

E[U )] =U (1R, %), where&:—% @

Here, theArrow-Pratt coefficient of absolute risk aversjoR, (a measure of the curvature of the
buyer’s utility function atx), is an index of the buyer’s antipathy toward utaia outcomes; it
is strictly positive for the risk-averse buyer &samed in the modéThe expressiod R,o” con-
stitutes arisk premium and is determined by the discount that the @ierse) buyer associates
with the uncertainty in the outcome of his selettio(2).

Since buyer’s payoffs in (2) may be considered aar@lom variable with meay+1+g@v—-
and variance/’g(1- @), (4) implies that the following equivalences hojglto approximation:

® For the sake of convenience, we resolve indifferémdavor of purchase.
" In the notation used here, the general dependenke @fi 4 is elided.

_12_
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I-@U(y+1-p)+@U(y+1+v-p) = U(y)
= U(y+l+pv- p-3RVp(l-9)) 2 U(y
= y+l+gv-p-3RVpl-¢) 2 y
- p < 1l+pv-1R Vo(l-9)

()

Given (3), the seller attains maximum earnings whenirtequalities in (5) are binding, so her
optimum price offer is:

p’=1+9v-3 RVo(l-9) (6)
Thus the seller’'s maximum earnings are:

e=e(M)= A=1+tpv1 R pl-9 (7)

4.3 COD Case

Calculations proceed analogously to those in the buldle,ceo that the buyer's strategy is de-
scribed:

{accept if L-@U(y+1-p,)+@U(y+1+v-2p)= U(y) @

decline otherwise

In this case, when the buyer accepts, the sellerigs pa (for the base unit alone) with probabil-
ity 1-¢@ and 2p, (for the base and contingent units) with probgbis:

(p) = A-@)p, +ox2p, if I-@)U(y+1- p)+@U(y+1+ v 2p)z U(Y)
&P 0 otherwise ©)
_A+@)p, it (1-9U(y+1- p)+@U(y+1+ v-2p)2 U(Y
0 otherwise

The buyer’s payoffs have mean+1+ @gv— (1+ @) p, and variancegv - p,)*@(1-¢), so using the
risk aversion coefficient as in the bulk case, agipnately:

A+@)p, if Q+@p,<l+pv-1R(v- p)’pd-9)

: (10)
0 otherwise

%(pz)={

Now formally, by deriving the appropriate Kuhn-Teckconditions, or informally by graphical
inspection, we can show that the seller’s optimuizepmust satisfy:

@+ @)p, =1+ pv-1 R (v- pYel-9) (11)

_13_
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And using (9), the seller’'s maximum expected earningsleneed:
& =6(p)
=(1+9)p,
=1+gv-1R (v- B) o-9) (12)
[1

2
=1+ ¢v—%RA[v 1%({)} p(1-9)

This quadratic equation has two roots, the largenta€h is given by the rather formidable ex-
pression:

oo 1tg

& —m(¢(&\(l—¢)—l)—l+\/¢(¢+ 2+ 2R (F (@)~ ]) 13)

For the parameter ranges assumed for the modelevident that the term in the radical is posi-
tive, so we are assured thift is real. Furthermore, it is positive, i.e.:

¢(RAV(1—40)—1)—1+\/¢)(¢)+ 2+ 2R (- V)(Fg)+ B ( (14)

For if we were to assume the contrary, then:

\/¢(¢+2+ 2R, (1-V)(1-p)+ 1< Fg(RV(Eg@ ) ) (15)

Squaring both sides and simplifying, this impliestt
1+gv-3R, Vp(l-9)< 0 (16)
In addition, since the left hand side of (15) isipee:

1-¢p(Rv(1-@)-)=0
= 1+¢-R,vp(l-¢)=0 (17)

iR Vo(l-9)<i v+ )

U

Substituting (17) into (16):

1+ gv-1iv(l+@)< 1+ pv-1 R Vo (l-@)< C

(18)
= 1-3v(l-9)<0

But the latter is a contradiction, given the rangiethe model parameters.

_14_
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4.4 Commentary

Comparing (7) and (12), given the range restrictionthe model parameters:

ul

&> = [v— & sz

1+¢
1
= |v— © |<v
1+¢
[1
= 0< 1% <2v
4 (19)
= &/'<2v(l+9) sinceg] andp are positi
= e <g<2Vv(l+y) by assumption
= 1+gv-iR,Vp(l-@)< 2v(+ @) substituting forg
= 1+gv-2v 1+ 9)<3 R Vo (1-9)
1-(2+@)v
1R >— Y 7/
~ T V)
A similar argument beginning with the assumpt@éix € establishes the equivalence:
1-(2+ @V
§>¢ = 3R> OV 20)
T Vel-g)

Note that the final inequality is satisfied if — assamed —R, is strictly positive and
v>1/(2+¢), so that with model parameters within their asslinamges:

eE>q]@ VZZL 0r%3>w

. (21)
to Vol-9)

Informally, this may be interpreted as increasinglyoring capacity-on-demand over bulk as a
selling strategy to the extent that the followiraidh

1. The return to the buyer from use of the contihgapacity is high.
2. The probability that the contingent capacityl b used is high.
3. The buyer is relatively more risk averse.

Note, however, that neither bulk nor capacity-omaled is a superior approach in all circum-
stances. This might seem at odds with intuitioteradll, a buyer purchasing capacity-on-demand
pays additional fees only if he uses (and preswnaitdfits from) the additional capacity, reduc-
ing the variability of his net dollar benefit — agreeable prospect for the risk-averse buyer.
However, the derivation in (19) demonstrates thabrder to effect such a reduction in variabil-
ity, the price charged in the capacity-on-demartese must be such that overall earnings can-

_15_
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not exceed2v (1+ @), which may be less than the seller can earn offesi bulk purchase under
the same circumstances.

5 Variation IlI: Infallible Buyer Forecasts

5.1 Overview

accepl accepl

decline decline

Figure 4. Game Tree — Infallible Buyer Forecasts

This variation is depicted in Figure 4. The selestill unable to distinguish the states in which
her moves are made, but the buyer now has pred@enation about the value af .

5.2 Bulk Case

Since the buyer is now able to observe he can predict his payoffs with certainty. Acéogty,
the buyer’s best response is given by the followaioignposite piecewise function:

{accept if U(y+1-p)=U(Y) } it o =0

decline otherwise
(22)

accept if U(y+1+v—p)=U(}y it o =1
decline otherwise -

Since the buyer’s utility functiornlJ (), is assumed to be continuous and strictly incngaghis
expression may be simplified:

_16_
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accept i <
ept if py <1 if =0
decline otherwise

toif 1 @3)
acc <1+

PRSIV o

decline otherwise

Given such a strategy on the part of the buyer (Wi#) denoting the indicator function), the

seller can expect revenue:
e(p)=L-9)pl(psD+epl(pslt V) (24)
We have assumed that v <1, so this expression is has local maxima:

p =1 = &(p)=1

(25)
p=1+v = e&(p)=@1+ Vg

Finding the pricing scheme’s global maximum entatdsnparing these two local maxima; the
(trivially) derived conditions on the model paraerstare as follows:

1+v if v>1—1

P= @
1 otherwise
1 (26)
o |@+v)e  ifv>—-1
&= @
1 otherwise
5.3 COD Case
As before, the buyer’s best response is a piecdumsion:
acce.pt if U(y-.l-l—pz)ZU()b it o =0
decline otherwise
: (27)
accept if U(y+1+v-2p,)=U(Yy) it o =1
decline otherwise -
Which may be simplified:
acce.pt if p, sl. it o =0
decline otherwise
(28)

accept if 2p, <1+
N N
decline otherwise

Thus the seller can expect revenue:

&(R)=1-9)p (p=D)+p2p I(2p,< I+ V) (29)
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This has the following two local maxima:

p, =1 = e(p)=1-¢

1+v 1+v (30)
P, = &(p)= (1+¢)T
Globally:
1+—V if ¢>—1 or v>—1_
p, =y 2 3 I+g
1 otherwise 31)
1+v . 1 1- 3
1+p)— if p>=or v>—=
A= > o

1-¢ otherwise

5.4 Commentary

As in the previous section, it is possible to deternah&ch pricing scheme (bulk vs. COD) pro-
duces greater expected earnings for the seller. Likeeheneither bulk nor COD is superior un-
der all circumstances. To demonstrate this, beginxpgreling the definition of’ to yield the

following:

6>¢ = ¢>1>(1+ Yo O > (1+ yp>1 (32)

Since the alternate value & is 1-¢, and since we have assumed tigat1, it must be that
1-¢p<1, so:

&>¢ - §=Wrp Y O[&>1>@ Yo O &>+ o> 1 @)

With model parameters within their assumed rangdess straightforward to show that,

@+ ¢))1+TV > (1+Vv) @, so that the above reduces to:
&> - ¢=(rg 0 §>1 (34)

Next, we have:

(1+¢,)1;2v>1 o L)V 2

i

+@)v>2-(1+9)
l+p)v>1-¢
ys1=?

1+¢

(35)

i

i

Combining (34) and (35) establishes the conditiomger which the COD scheme is superior:
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1-¢ 1-v

Usgl o v o p>—— 36
&>g Tl g vey (36)
Stepping back and comparing the pricing schemes offertids section with those of the previ-
ous one, it's obvious that the players’ potential wigaiare altered significantly by the buyer’s
possession of a private forecast of his usage. Rng, that since the buyer knows the outcome of
his purchase decision ahead of time, the utility of emtcome is not impaired by his risk aver-

sion.

The seller, by contrast, suffers from her ignorarficeh@ buyer’s forecast. For consider how the
seller might price both bulk and capacity-on-demandiaffs were she to share the buyer’s fore-
cast of his actual use (as embodied in the value dft#ite indicatoro ) — a situation termed the
first best solutionn the literature. It is a relatively minor exerciseprove that the seller’s opti-
mal first best strategy is to offer a bulk pricelsfv dollars or a COD price ofl+V)/2 dollars
when g =1 and a price of $1 in either scheme wher=0. In these circumstances, expected
revenues arel+g@v dollars with either pricing scheme, which is destoably greater than
g’ andg.

So with knowledge of the usage forecast, the setlerearn revenues strictly exceeding those of a
seller who is ignorant of the buyer’s projectedgesarhis difference in revenues — the surplus
that the buyer is able to obtain from his privadeetast — is termed the buyer’s (expecied)
formation rent it is strictly positive, regardless whether thalkbor COD pricing scheme is
adopted.

However, under certain circumstances, a sellerinfeCOD may suffer particularly from this
information asymmetry. Observe that from (35), (dmmin the fact thatl—-g@<1, as mentioned
above) it is perfectly possible to haed<1l — in fact the minimum value o€, approaches
$3, whengp=% as - ( However, recall that we know (as does the selle) the buyer will
certainly have use for at least one unit of cagdbniteither state of the world, and that therefore
he's bound to achieve a payoff of at least $1.therowords, for a range of model parameters,
the COD seller's expected earnings are strictlyslésan $1 — despite the fact that she knows
that the buyer is surelgble to extract a payoff of at least §By contrast, for the bulk scheme, it
is always the case that' >1.)

To see informally how this apparent paradox arisessider the seller’s price-setting decision in
the COD case, as set out in (31):

— She could select a price of $1, in which case th@ibwill only purchase if he knows his us-
age will be less than two units (for in the casd tie does need 2 units, he’d be compelled to
make a payment of 2 dollars, which is more tharphigoff of 1+v dollars). The probability
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that the buyer needs only one unitlis ¢. Therefore in this instance, the seller can expect
earnings ofL- @<1 dollars.

- Or she could set the price &{1+Vv)<1 dollars. At this price, the buyer will purchasgasd-
less of whether he needs 1 or 2 units. Howevére iheeds only one unit, he pays an amount
strictly less than his payoff (of $1). For the paeter values specified in (36), this loss of
surplus to the customer requiring only 1 unit iffisient to depress expected earnings below
1 dollar.

In Section 7, we discuss approaches to pricing G@ducts that avoid this anomaly. Mean-
while, the next section looks at a model that coebielements of both of those we've examined
heretofore.

6 Variation Ill: Fallible Buyer Forecasts

6.1 Overview

Figure 5: Game Tree — Fallible Buyer Forecasts

In this game, the seller is still unsure aboutvkie of o, but the buyer can observe a private
“signal” variable, &, that is positively correlated witr . In the diagram of Figure 5, such an
arrangement is represented by enumerating the nethhialues ofc and &; while the seller
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cannot distinguish between any of these combinatithes,buyer can separate them, but only

based on the value &f.

As before, both seller and buyer possess common knaevksdguto and @ in the form of a
(joint) prior probability distribution. Since the seller knows nothabout the buyer’s signal, it is
logical to assume that (marginally) in the commorompir@@ =1)= Pr@= 0= %. To complete
the prior’'s joint distribution, we need to specifye conditional distribution ofo given &,
Pr(o |8), which determinesPr(@,0)= Prg |@ ) Pr@ . For simplicity, this conditional distribu-
tion is specified by a single model parameier,
Proc=110=1=p,

(37)
Prc=16= 0= 1p

Amongst other things, this leaves the seller whaltynformed about the value @ (a rather
more restrictive assumption than that made in &eat), since its marginal distribution in the
prior is:
Prc=1)=Prg=1P= )PR= 1} Pg= H= 0ORE (
=3p+5(1-p)

[

Nl N

(38)
Prc=0)= Prg= 0p= 1)Pf= 1 P= ®= O)RE
=31-p)+3p

N

To make the buyer’s forecast informative but léssitperfect, we require thag< p<1.2

6.1.1 Bulk Case

For the buyer, the expected payoffs of his chditésis game can be summarized as follows:

Value of &  Buyer's move Buyer’s expected utility
decline U (y)
0
accept PU(y+1- p)+ (1~ p)U(y+1+ v= )
decline U(y)
1
accept (1= p)U (y+1- p)+pU(y+1+ v= p)

8 Providing thatp # ¥, this can always be assured by inverting the valu# ek necessary.

_21_



Pricing capacity-on-demand computing products

Abbreviate:
Cu(P 2 pU(y+1- P+ @1-p)U(y+1+ v pP= U(y

A (39)
Cu(p)=@A-p)U(y+1- p)+p U(y+1+ v p)2 U(Y
These predicates can also be approximated using the bugkréersion index:
Co(p) = p<1+(1-p)v-1 RVp(1-p) “0)
Cu(p = p=l+pv-3RVp(L-p)
Thus the buyer’s best response to an offer ppces:
acce.pt if [6?=(? andCy, (p,] or[f=1and, | 1)
decline otherwise
Offering price p,, the seller receives:
{pl if buyer.accept S “2)
0 otherwise
Substituting from (41), (42) becomes:
{pl if [e:q andC, (p,] or[@= 1and, f]) “3)
0 otherwise
Thus the expected revenue resulting from an offer pojcis:
&(p)= B[Pr@=0){ Co(p} + Pre =D C. (p) ] w
=3 p1|: I {Clo( pl)} + I{ C11( p])}]
From the approximations in (40), we derive two locakima for this expression:
Po=1+(1-p)V-3R Vo (-p).  e(R)=3 B[ { G(R}+ { G o] us)

py =1+ pv-1R Vo (1- p), e(p)=% pl { Q(r}+ { G nY}]

To expand out the indicator functions in the expressasve, note first that by definition,
C,(py, andC,(p,,). Furthermore, since,, = p,,+(20-1) v, with the assumptions we have
made for the ranges of the model parametersalssthe case thal,,(p,,) and-C,(p,,) -

Thus:

&(Po) =% Pl +1]= pe=1+(1-p) w1 R %o (1-p)

(46)
e(p) =3 pf0+1=4 p,=4[1+ p w4 R o (1-p)]

_22_



Pricing capacity-on-demand computing products

Comparing these two expressions leads straightforwésdhe global maximum:

-1 _,) ifiRp<it(2=30)V
o= 1+(1-p)v-3RVp(l-p) if3R< ol-p)

1+ pv-1iR,Vp(1-p) otherwise

(47)
, 1+(2-3o)V
1+ (- pv-iR Vo (1- fiRs=—F—"T=
o [FrAmPV IRV U-p) RS T T
i1+ pv-1R Vp(l-p)| otherwise
6.1.2 COD Case
Value of &  Buyer's move Buyer’s expected utility
decline U (y)
0
accept PU(y+1-p,)+ (1~ p)U(y+1+ v- 2p)
decline U(y)
1
accept (1= p)U (y+1- p,)+ pU(y+1+ v- 2p)
In this case, we abbreviate:
Coo(P) 2 pU(y+1- P+ (1= p)U(y+ 1+ v- 2Pz U(y), )
Cou(P)=(A-p)U(y+1- p)+ p U(y+ 1+ v= 2= U(Y)
Approximately:
Cy(Pp) = [1+(@1-p)Ip< 1+ (1-p)v-3 R (v Fp@-p) “9)
Cou(p) = W+p)p< I+pv-1 R(» Fpl-p)
The buyer’s best response to an offer priges:
accept  if [#=0andC,, (p,] orf[#= Land,, p,]. (50)
decline otherwise

When the buyer accepts a COD product, the sellevenues are dependent on the buyer’s actual

usage, as determined by the valueraf Thus, she receives:

p, if buyeraccepts andr = |
2p, if buyeraccepts andr = (51)
0 otherwise
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Substituting from (50) and rearranging, (51) becomes:

p, if[#=0ando=0and,, ] off= land= O0a@ p(]
2p, if[#=0ando=1and,, p,|) off= lamd= 1a@ p(] (52)
0 otherwise

Again, the expected revenue resulting from an offeleppicis:
&(p) =[ B,xPr@=0,0= 0y 2px Prg= 0g= DK C, @ P+
[p,xPr@=10= 0)+ 2p,x Pig= o= DI{C,, p,)
=1([op.+20-p)p,] {Co (P} +[ A= p) po+ 20 P] { Cou(p2})
=1p.[(2-P) {Co(po)} + 1+ p) {Cou(P,} ]

(53)

This time there are two local maxima, each satigfyfire following:

[1+@-p)] Py =1+ (1= p V=1 R, (v= R, o (= p),
&(Po) =2 P (2= 0) { Cool Poo} + @+ 0) { Co P} |
(54)
1+ p)p, =1+ pv-3 R, (v- p,fp (- p),
&(Py) =3 B[(2-0) { Co( P} + 1+ ) K Co( 0,3} ]

Taking the larger of the two roots in each casklyie

-1
R.p(1-p)
-1
R,o(-p)

Pao | p(RM1-p)+1)-2+[p(2R (= V@ p ) p- 4+ 4|

(55)

P |p(RML-p)-1)~1+\[p(2R (= ) p o+ 3+ 1

Arguments similar to that in Section 4.3 demonsttht¢ both prices are real and positive. As
before, C,,(p,,) and C,,(p,,) by definition. Next, substituting (55) into (49) and sitfymig
produces:

2p-1
R.o(l-p)
o (1+p)’<p(2R,(1-V)(1-p)+p+ A+1
= 2R, p[p@A-V)-(1-V)]|<0 (56)
= p@l-v)<l-v
= p<l
< true Since it is assumed tht p< 1

Cao(Po) = [1+0-Jo(2R @@ p)+ o+ I+ 1]< €

Similarly, we can show that,,( p,,) is false.
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Thus the values of maxima in (54) may be simplified:

&(Po) =3(2=0) Py

(57)
(P =3 Py

Furthermore a tedious but straightforward expansion df bbthe above expressions along the
same lines as (56) establishes that for the modelmedea ranges assumed, it is always the case

thate,(p,,) > &( R -

Therefore:

&=6(p)=3 B (58)

6.2 Commentary
Comparing (47) and the expansion of (58), morebaigeroves that:

1-(2+p N
IR>——~— 7
24p 07 3 V:p(1-p)

e>¢ = V2 (59)
Comparing this with (21), we see that these areigely the conditions associated with Variation
| (the “no forecasting” case), but with the buyeftsecasting accuracyp, substituted for the
common prior probability of contingent usage, from Variation I? In other words, the seller’s
selection of pricing scheme depends on the riskttimbuyer associates with his forecast. In this
case too, we can deduce conditions favoring ther'sebffering COD rather than bulk:

1. The return to the buyer from use of the contihgapacity is high.

2. The accuracy of the buyer’s forecast (as distioen the prior probability that he will ac-
tually use the contingent capacity) is high.

3. The buyer is relatively more risk averse.

Note that as the accuracy of the buyer’s forecpgtaaches 1, the conditions in (59) converge to
the following:

0 1

As would be expected, this is precisely the coowlithat attaches to the “infallible buyer fore-
cast”, (36), when the prior probability of contingeise, @, is %, which corresponds to the prior
probability thato =1 in this case, as established in (38).

° Naturally, the actual values of the seller’s maxineakenues differ in each case.
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The effects of adverse selection can be seen at wd@OD pricing for this case, too. For con-
sider the limiting case aR, tends to zero; such a risk neutral buyer, faced wiplayoff of at
least $1 in either state of the world, would be willlogpay at least $1 for the prospect. In such
an instance, it follows directly from (47) that thelk seller’'s revenues arket+ (1- p)v dollars,
which is always greater than $1. For the COD sdilenever, maximum expected revenues are:

D:§1+ PV (61)
2 1+p
Note then that:
ve2P~1 = 3tpv g (62)

3p 2 1+p

Again, we see that under certain circumstancesC®B seller is unable to extract consumer sur-
plus that she knows must be present. (In fact diiegs being equal, such circumstances are
more likely to arise as the buyer’s forecast qualit, increases.)

7 Conclusions

This paper has investigated some very simple madedaded to capture some of the salient as-
pects of capacity-on-demand computing productshSwoducts have the peculiar property of

exacting a fixed cost from the seller while retangnvariable revenues depending on the buyer’'s
use of the product from period to period. Using filaenework of Bayesian games, we compared
the maximum revenues that a seller could expent foch products with those from a more con-

ventional offering whose price was not contingemtusage. We explored three possible scenar-
ios: One in which both seller and buyer were prisythe same information concerning the

buyer’s future usage; one in which the buyer (lmitthe seller) was certain of his future usage;

and one in which the buyer had more informatiomtthee seller (but not certainty) concerning his

usage. In each case, we were able to charactegzeonditions under which the seller could ex-

pect greater revenues with the capacity-on-demaodupt than with the conventional one (nei-

ther was uniformly superior). Broadly speaking, ffafler could expect to fare better selling ca-

pacity-on-demand to a buyer who was relatively mi@ie averse, who placed a relatively greater
value on the contingent capacity in the product whd was either more likely to use the contin-

gent capacity (in the event the buyer had no pivatormation) or was more certain as to

whether or not he would need the capacity (wherbther had a private forecast). However, we

were also able to show that in certain circumstsnaeCOD seller would be unable reliably to

capture surplus that she is sure the buyer musepss— a problem that the seller of the conven-
tional product would not face.
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The latter effect is, as we indicated earlier, anifeatation ofadverse selectior— a phenomenon
studied at length in the literature, beginning wite #eminal (Akerloff 1970); see (Riley 2001)
for a comprehensive survey. In capacity-on-demandngricadverse selection issues from the
fact that the possession of private information @géart of the buyer of his future usage means
that he is only likely to pay higher per-unit charg@shis contingent capacity if he knows he’s
unlikely to use many such units. Such behavior, as we Bagn, limits the expected revenues
that the seller realizes.

Since adverse selection has been the object of sedulaestigation for over thirty years now,
it's probably not surprising that an array of mechanisiage been proposed to address it. For
problems like those discussed in this paper, these meaigamount to pricing schemes involv-
ing a menu of different product-price combinations, wharoducts in the combinations differ in
terms of quality or quantity — see (Wilson 1997) or (Laffand Martimont 2001) for details.
Properly designed, these pricing schemes implenseaiond degree price discrimination
whereby buyers “self-select” based on their privaterimégion, allowing the seller to extract the
maximum benefit possible, given that she is ignorattt@buyer’s information at the outset.

For the very simple model presented in this paper rie@egmondingly simple COD pricing scheme
entirely obviates the effects of adverse selecfldns scheme prices both units of the product at
their maximum marginal benefit — i.e., a buyer using glsinnit pays $1, and a user of both
units pays$l+v. It is straightforward to demonstrate that withsacpricing scheme, whether
the buyer possesses no forecast, a fallible forecast anfallible one, he is never left with con-
sumer surplus, and in particular, that the seller isrrefteunable to extract utility that she knows
the buyer must possess.

Naturally, the near-triviality of this optimal pricingcheme results from the very minimal nature
of the model itself — the model postulates only on¢ ahbase capacity and one unit of contin-
gent capacity, whose maximum benefits are known to fatties. Of course in reality, the situa-
tion is likely to be much more complex, with multiple snif both types of capacity and benefits
that are uncertain to the seller and/or to the bulfeerefore a logical extension of the work pre-
sented here would be the exploration of COD pricingtesgres in more complicated settings; a
comprehensive discussion of many of the issues tockketbcan be found in (Wilson 1997).

Another possible direction for future work would be to gghpk insights gained here to the utility
computing products mentioned earlier. In many waysetltan be viewed as a development of
capacity-on-demand/pay-per-use products, which apply simpii@ing concepts (i.e., payment
per unit of capacity used) gharedcomputing resources (normally located at the vendoréy.

A promising start might be to extend the minimal medlelthis paper, so as to incorporate multi-

_27_



Pricing capacity-on-demand computing products

ple buyers whose demands for contingent capacity are oioless correlated. Techniques like
those used in risk modeling for insurance, investrpentfolio and credit provision (Bluhm et al.
2002), (Cherubini et al. 2004) could be used to explore the catifns of the correlation struc-
ture of the buyers’ demands.
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