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Abstract ing schemes is usually done manually, or by non-optimal

heuristics. These heuristics typically use a bin-packing a

We present a new sufficient condition for the schedulabil- gorithm [7, 16] combined with uniprocessor bounds for ad-
ity of preemptable, periodic, hard-real-time task setsi\gsi  mission control on each processor [2, 6, 12]. This approach
the very simple static-priority weight-monotonic schéalyl  has several inherent limitations. First, because of theotise
scheme. Like a previous condition due to Baruah et al., our non-optimal heuristics, an acceptable assignment of tasks
condition actually determines pfair schedulability. Pfai  processors may not be found even though one exists. Sec-
ness requires that the schedule, in addition to being peri- ond, for some schedulable task sets, no such assignment
odic, schedules each task at an approximately even rate.exists, because migration is required in order to schedule
Our condition improves on the previous one in two impor- them, but this is not possible with the partitioning appioac
tant ways. First, it can determine that task sets with high Finally, the partitioning approach is not suitable for yss
utilization and many tasks are schedulable, while the pre- that support mode changes [11] (i.e., task sets that change
vious condition cannot. Second, our condition applies to dynamically over time) because of fragmentation. That is,
both uniprocessors and multiprocessors, while the pressiou situations can arise in which processor utilization is very
condition applies only to uniprocessors. We present simu-low, but a new task cannot be admitted because it will not fit
lations that show that our condition is highly accurate for onto a single processor with existing low-utilization task

many cases of interest. In the global schedulingapproach, processors repeat-
edly execute the highest priority tasks available for execu
tion. It has been shown that using this approach with com-
1 Introduction mon priority assignment schemes such as rate monotonic
(RM) and earliest deadline first (EDF) can give rise to ar-
Schedulability of periodic, preemptable, hard real-time bitrarily IOW processor utilization [8]. Bar_uget al. [4, 5.] ,
. S made a significant breakthrough by devising new priority
tasks on uniprocessors under static-priority schemes such . : .
. . ; .~ schemes that result in optimal multiprocessor schedulers
as rate-monotonic and deadline-monotonic scheduling is : -
o . . . for hard real-time periodic tasks. However, these are com-
well understood; simple and efficient scheduling algorghm . . . . . )
. . plicated, dynamic-priority scheduling algorithms. As-dis
are available and widely used [10, 13, 14, 17]. How- : -
. AT . cussed in [3], there are several compelling reasons to con-
ever, the outlook is not as promising in the area of static- _. Lo . . .
sider static-priority scheduling algorithms, despite thet

priority scheduling algorithms for scheduling periodiska that the above-mentioned dynamic-priority algorithms can

on multiple PrOCESSOTS. The.tW(.) main approaches that haveschedule every schedulable task set, while static-pyiatit
emerged for scheduling periodic tasks on multiple proces-

sors — partitioning and global scheduling [8] — are de- gorithms cannot. These reasons include simplicity and ef-
scribed tl))elow 9 9 9 ficiency, as well as practical concerns for hardware-based

. g implementations.
In the partitioning approach, each task is fixed to a par- ) ) ) o
ticular processor. Finding an optimal assignment of taskst 1 he focus of this paper is on a static-priority scheme for
processors is NP-hard [15], so task distribution for gariit ~ Scheduling periodic, preemptible and migratable hard real
time tasks in multiprocessors. While task migration isofte
*Author order determined by coin toss. considered to be impractical, in shared-memory symmetric
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poor cache locality. However, there are no guarantees that ahis slot must overlap with the pseudoperiod. Thus, the first
task’s data will still be cached nexttime itis schedule&rev  schedule shown is pfair, while the second is not, because no
if it is rescheduled on the same processor, and in fact it isslot that overlaps with's third pseudoperiod is allocated
likely that these data will be evicted by other tasks running to . (Observe that at timé = 8, = has been scheduled
on the processor in the interim. Thus, at least in the SMP only twice, but|w,t| = 3.) Because pseudodeadlines are
context, guaranteeing predictable behaviour in practsze u not necessarily integers, a particular slot can be allodate
ing the partitioning approach seems as difficult as the caseeither of two adjacent pseudoperiods. For example, slot 2 is
in which tasks can migrate. Below we describe the model allocated tar’s first pseudoperiod in the top schedule, and
and problem — which are identical to those considered in to its second pseudoperiod in the bottom one. (Although
[4, 5] — more precisely. the bottom schedule later becomes not pfair, it is stillpfai
We consider the prob|em of Schedu“ng sets of pre- at time 3) As will be seen Iater, this fact Complicates the
emptible, periodic, hard real-time, migratable tasks is-sy Proof of our result, which is discussed next.
tems ofm identical processors. In the model we consider,  In this paper we present a new sufficient condition for the
tasks are scheduled in discrete quanta and are preemptepfair schedulability of task sets using the weight monatoni
and/or migrated only at quantum boundaries. Such systemgWM) scheduling scheme. WM [3] is a very simple, static-
are easier to implement, and allow easier control and analy-priority scheme that gives higher priority to tasks of highe
sis of scheduling overhead. Furthermore, in many applica-weight. To our knowledge, the only previous such condition
tions it is not acceptable to preempt tasks at arbitrarytpoin is due to Baruah [3]. Baruah’s condition states that for a set
in time [18]. For convenience, we abstract this model into T of n tasks, ify |, w, < Zji;l % thenT is scheduled
one in which each quantum has a duration of one time unit,in a pfair manner by WM on one processor. This function
and preemptions, migrations, and scheduling decisions carquickly approaches In 2 asincreases. Therefore, this con-
be made instantaneously. We refer to the quantum betweemition cannot predict schedulability of large task setd tha
time ¢ ands + 1 asslots. In this context, we specify a task utilize the processor more than about 70%. In contrast, our
z by three integers: its periqgl,, its execution requirement  condition examines individual task weights, rather thagt ba
eg, and its release time,. Given a sefl” of such tasks, our ing its decision solely on the total weight of all tasks. Sim-
problem is to find a schedule in which each task is sched-ulation experiments described in Section 4 show that our
uled for e, slots out of everyp,, starting at timer,. At condition can accurately predict the schedulability oktas
most one task can be scheduled on each processor duringets with thousands of tasks and total utilization in the 80%
each slot, and each task can be scheduled on at most on® 90% range. (Our experiments show that very few tasks

processor during each slot. sets with utilization in the 90% to 100% utilization range
A particular focus of recent research in this area has beer@re schedulable by WM.)
on proportional shareor pfair scheduling [4]. Pfairness We show that for a set of tasikg with tasks labeled in

requires that the schedule, in addition to being periodic, order of decreasing weights, if for everyin T' there exists
schedules each task at an approximately even rate. Morg ¢ ¢ (0, | - |] such thafy_ < [wyt] < mt, thenT is
V| wy y<z '

precisely, we define theeightw, of task to bees /ps, scheduled in a pfair manner by WM e processors. This
and require that at time, +t, taskz has been scheduled for . | ¢ ks L
either|w,t| or [w,t] slots. Thusg is scheduled as closely condition can be evaluated for a setufasks i@ (n [EJ)

as possible to its ideal rate, given that tasks are scheétuled time, wherez is the task of lowest weight.
integral slots. Below we discuss motivation and related work. There

Another way to view the pfairness requirement is that are several advantages to considering pfair or propottiona
each taske is a periodic task with a period df/w, and share scheduling rather than the usual periodic scheduling
an execution requirement of 1. In this case, for each requirement. First, real-time tasks are given strongeetim
N, we could call the interval fronj /w, to (j + 1)/w, a liness guarantees. This may be useful for example in re-
pseudoperioaf taskz, and(j + 1) /w, apseudodeadline ducing jitter in a videoconferencing application. Secaasd,
However, this transformation is not perfect because stets a Pointed out by Stoicat al. [18], real-time and non-real-
allocated only at integer values of time, ahfw, is not  time tasks can be treated simply and equally by giving each
necessarily an integer. Consider for example a tagkth task a “share” of the processor. (Stoieaal. considered
release timer, = 0, execution requirement, = 2, and only uniprocessor systems, but the same benefits clearly ap-
periodp, = 5. Taskz has weightw, = 2/5, and therefore ~ Ply to multiprocessor systems.)
has pseudodeadlines attimes 2.5, 5, 7.5, etc. Figure 1 shows However, this paper demonstrates a more fundamental
two partial schedules far. Pseudodeadlines are marked reason to consider pfair scheduling as opposed to standard
with triangles. In order to be pfair, a schedule must allecat periodic scheduling: by maintaining a bound on the differ-

a distinct slot for each pseudoperiod, and the duration of ence between how much time has been allotted to each task



Figure 1. Two partial schedules for a single taskwith e, = 2, p, = 5, andr, = 0. Pseudodeadlines are indicated by black
triangles. Grey boxes indicate slots in whiclis scheduled. The first schedule is pfair; the second is not.

and the amount of time that would have been allotted to theing, despite the fact that it is the same algorithm producing
task if it progressed uniformly at its ideal rate, we make it the same schedule for any given task set (recall that pfair
easier to maintain this property in the future. A good anal- implies periodic).

ogy is in inductive proofs: we often prove a property that  We therefore propose the following characterization of
is stronger than the one in which we are really interested instatic scheduling algorithms. Atatic-priority schedul-
order to facilitate the inductive step. It was this insightt ing algorithm is one in which there is some function
allowed us to achieve our scheduling condition. Indeed, ascontending(z,t) that can be evaluated using only the
explained later, we consider a property that is even stronge scheduling history of task: at time ¢ and local infor-
than pfairness in order to obtain our condition. The stronge mation of taskz’ such that at every time at which
property allows us to overcome the key problem faced in contending(z,t) and contending(y, t) both hold, priority
deriving our condition: when tasks can migrate between is given to the same task. We believe this captures the spirit
processors, uniprocessor conditions for periodic schedul of static-priority scheduling, and is not problem-depertde
ing such as the one presented in [14] cannot be extendedn particular, WM is a static-priority scheduling algorith

to multiprocessors because the counting arguments cannofor both pfair and periodic scheduling using this definition
account for the fact that a task may not be allotted multi-  Whether or not we consider WM to be a static-priority
ple slots at any given instant. The strengthened pfairnessalgorithm (and we argue that we should), it is clear that it is
property directly implies that a task cannot be scheduledvery simple, efficient, and easy to implement, and is there-
more than once during a single slot, allowing us to obtain a fore of considerable interest in practice.

scheduling condition for multiprocessors. The remainder of the paper is organized as follows.

As stated earlier, Baruadt al. [4] proved that any task  In Section 2 we formally define the pfair multiprocessor
set whose combined weights is at mastcan be sched- scheduling problem, and the WM scheduling algorithm.
uled in a pfair manner om processors, and presented a Then, in Section 3 we prove that our condition is sufficient
scheduling algorithm that would achieve this. Later, Barua for a task set to be scheduled in a pfair manner by WM. In
et al. presented a more efficient algorithm [5]. Both of these Section 4, we present our simulation experiments and their
are dynamic-priority scheduling algorithms; the algarith  results. Concluding remarks appear in Section 5.

(WM) considered in this paper is a static-priority algomith
and. is th(_arefore considerably simpler, more efficient, and2 Preliminaries
easier to implement.

Before presenting our condition, a clarification of the
precise definition of static- and dynamic-priority schedul
ing algorithms is in order. Baruah [3] defines a schedul-
ing algorithm to be static iff for any pair of tasksandy,
whenever both tasks are “contending’, the algorithm gives

priority to the same task. Baruah defines contending in- pefinition 1: A taskz is characterized by three integers: its

formally as follows: “a task isontendingat a given time  periodp,, its per-period worst-case execution requirement
instant if it can be allocated the processor without violgti ¢ 0 < ¢, < p,, and itsrelease timer, > 0. Theweight

any constraints”. We do not believe it makes sense to havepf task z is w, = e, /pes- Note thatd < w, < 1. We
the distinction between static- and dynamic-priority algo

rithms depend on the problem they are used to solve. Forsuch as release times, period, execution requirement,Téigs, this def-

example, by thel above d?finition, WM is a stgtic-priority inition also applies to other scheduling requirementshsag aperiodic,
algorithm for pfair scheduling but not for periodic schedul sporadic, etc.

In this section, we define tasks and task sets, and sched-
ules and pfair schedules, and present the simple static-
priority scheduling scheme (WM) for which we prove a
scheduling condition in the following section.

1Local information of taskz could include environmental information



consider a seT’ of such tasks with distinct labels such that scheduled at timeé will not overlap the slot between times

Y<zT = Wy > Wg. t andt + 1, and therefore: will violate pfairness.

Definition 2: An m-processor schedule for a task gets Definition 5: Taskz is valid at timet¢ in schedule prefix

a functionS : T x N — {0,1}, such that(vt € N :: S of length at least, denotedvalids(z,t) iff Cs(z,t) <
YaerS(x,t) < m)and(Vz € TVt € N = t < wg(t+1—r,). (Note, by definition, for: € T andt < r,

rz = S(z,t) = 0). A schedule prefix of sizeig a func- —walid(z,t) holds.)

tion S : T x [0..t) — {0,1}, such that(Vt € [0..t) :: _ _ _

Y,er S(z,t) < m)and (Vo € TVt € [0.t) = t < _ Below we informally descrlpe the WM scheduling algo-
re = S(z,t) = 0). We say a schedule prefiX of length nthm_, and tr_len formally spe_mfy the sched_ule constructed
u is a prefix of scheduld iff (Vz € T V¢ € [0,u) : by thls algorlthm..Ourspecn‘lcathn of WM is a natura_l ex-
S'(z,t) = S(z,1)). tension of the uniprocessor version [3]. It is cosmetically

different in that our definition ofalid(z, t) appears differ-

For the remainder of the paper, we assume a given taskent to the definition otontendingin [3]. However, these
setT andm processors, and simply use “schedule” to de- two definitions are in fact equivalent. The difference is-are
note anm-processor schedule far. sult of the need to eliminate the floor/ceiling arithmetiatth
has plagued other recent papers in this area in order to ac-
quire a simple proof of a scheduling condition that is tight
enough to be useful.

Definition 3: If S is a schedule or schedule prefix of length
atleast, forz € T, t € [0,u), then

0 if t<ry
Cs(z,t) = { S P! S(z,u) otherwise Notation: Following [9], we us€P], whereP is a predi-
e cate, to denote 0 iP is false and 1 is it is true. O
Below we give a formal definition of pfairness. The in-
tuition for this definition is as follows. Recall from Sec-
tion 1 that we view a tasle as having pseudoperiods of
length1/w,, each of which must be satisfied by allocat-
ing a slot whose duration overlaps the pseudoperiod. This
can be restated as follows: for any timethe end of the Below we specify a schedule for a given task set. Itis
next pseudoperiod to be satisfied is aftdi.e., z has not easy to see that the specified schedule is the one constructed
missed its next pseudodeadline), and the beginning of theby WM for the task set.
most recently satisfied pseudoperiod is befotee., z has
not already satisfied a pseudoperiod that has not yet started
Recall that each pseudoperiod of tasls 1/w, time units
long. Thus, theth pseudoperiod covers the interval from
i/wg to (i + 1)/w,. Therefore, given the above defini-
tion of Cs(z,t), at timet in a schedules, the next pseu-
doperiod to be satisfied by taakcovers the interval from
Cs(z,t)/wy + 7, t0 (Cs(z,t) + 1) /w, + r,, and the most
recent pseudoperiod already satisfied (if it exists) cotrers
interval from(Cs(z,t) —1)/wg + 75 10 Cs(z,t) /wy +74.
Therefore, the intuition described above can be formalized
as follows.

Algorithm WM WM schedules at each tintes N them
tasks of highest weight amongst tasks that are valid at time
t (or all valid tasks if there are fewer tham). O

Constructing a pfair schedule: We specify a schedule
inductively. Schedule prefixes of length O are vacuous.
Given a schedule prefig* of lengthu, we specify sched-
ule prefix Su*! as follows. Forz € T andt € [0,u),
Sutl(z,t) = S¥(x,t) andS*H(z,u) = [validsu(z,u) A

> yerlvalids«(y,u) Ay < z] < m]. We call the resulting
scheduleS,4. O

3 Scheduling Condition

Definition 4: A scheduleS is pfair iff (Vz € TVt € N : In this section, we present and prove our scheduling con-

t > 1y Cs(x,t) < we(t —ry) +1 A Cs(z,t) > dition. Before proceeding with our proof, a high-level, in-

wy(t = 71z) = 1). tuitive explanation is in order. Our strategy is to slightly
strengthen the pfairness property, and to then prove that
if S4 does not satisfy the strengthened property, then our

h Scheduling condition does not hold. The strengthened prop-
erty is shown below.

We next define what it means for a tasko bevalid? at
timet in a schedule5. The intuition is that ifvalid s (z, t)
does not hold, them has already been scheduled enoug
times to satisfy all pseudodeadlines before timel. Thus,

if z is scheduled at timg the pseudoperiod for whichis Definition 6: A scheduleS is strong-pfairiff (Vz € TVt €

2valid(z, t) is the “contending” function by which we would charac- N:t>ry i Cs(z,t) <we(t—re) +1 A Cs(z,t) >
terize WM as a static-priority scheduling algorithm (seeti®® 1). we(t+1—7ry)—1).



Observe that the second conjunct has been strengthenesection clearly show this effect.
to require that, at any timg z’'s next pseudodeadline to After presenting the proof of our main condition, we fur-
be satisfied falls after time + 1, instead of after time ther strengthen the condition by considering the specsd ca
as was the case in the original definition. The reason for of two tasks with total weight at modt We show that all
the strengthening is explained later. To achieve our con-such tasks sets are scheduled in pfair manner by WM.

dition, we consider the first timéat which some task vi- We now proceed with our proof. Due to lack of space,
olates this property, and some taskhat does so at time  we defer proofs of some lemmas to the full paper. Our first
t. We then define thbusy pointof z with respect ta, de- lemma says that at most tasks are scheduled at a time.

notedB(z, t), as the earliest time befotesuch that in every

slot betweerB(z, ) andt, every processor is allocated to Lémmal:Forallt € N, > . 5 54(z,t) < m.

some task of higher prilority than. Next we consider any The next lemma says that no task gets too far “ahead”
u € (B(,1),1], and derive a bound on the number of imes ¢ s jgeal rate. The intuition is that if scheduling tagk
each such task can be scheduled between the busy point ang e+ < t would satisfy a pseudoperiod that does not

u, and this yields our main scheduling condition. We also begin before’ + 1 (and therefore befors, thenz is invalid
prove that, ifz violates the condition at timg thenz has at timet. and is therefore not scheduled.

been valid and not scheduled for at least the kqvémtJ slots.

This implies that in all of these slots, all processors wére a
located to higher priority tasks that) which implies that

Lemma 2: Forz € T, t € N, if ¢t > r,, thenCs, (z,t) <
wy(t —7ry) + 1.

the interval betweerB(z,t) andt¢ is at Ieast[wimJ slots Our next lemma is used to bound the number of slots
. o allocated to a task in a given interval, assuming that the
wide. Thus, our condition is proved for at Iee{Lsu%J val- strengthened pfairess property has not yet been violated.
ues ofu. As a result, any task set that does not satisfy our e first defineD(y, B, ) as the number of slots allocated
condition forall such values is schedulable. to tasky between timesB andw, and then prove that, i
We now explain the intuition behind the bound on the has been scheduled at leagi{ B—r,) times beforeB, then
number of times a higher priority tagkcan be scheduled D(y, B,u) cannot exceedw,(v — B)]. The intuition is
betweenB(z, t) andu, for someu € (B(z,t),t]. Because thatify has been scheduled at leag( B—r, ) times before
the definition ofvalid ensures that a tagknever satisfies B, theny has already satisfied all pseudoperiods that finish
a pseudoperiod before that pseudoperiod begins, the maxbeforeB. Thus, there are at mo$t, (v — B)| remaining
imum number of timeg can be scheduled between times pseudoperiods that overlap slots betwéeandu, and as
B(z,t) andu is the number of pseudoperiods that over- tasks are not scheduled while they are invalid, they do not
lap this interval, which i w, (v — B(z,t))] + 1. Unfor- satisfy pseudoperiods that begin afign this interval.
tunately, however, this counting method does not yield a | )
useful condition: we need a smaller bound. We achieve Pefinition 7: Fory € T, B € N, andu € N, u > B, define
this by observing that ifw, (u — B(z,t))] +1 pseudoperi- D(y, B,u) = Cs,(y,u) — Cs,(y, B).
qu do overlap the interval betwe&{z, t) andu, then_ the  |emma 3: Fory € TandB € N, andv € N,
first and last ones must overlqp by Ies_s than one time slot.,, > B, if Cs,(y, B) > wy(B —r,), thenD(y, B,v) <
Therefore, this case would arise only if a task is forced to [w, (v — B)].
satisfy a pseudoperiod at tinfé(z, t) whose pseudodead-
line falls betweenB(z,t) and B(z,t) + 1. The intuition We next defineB(z, t), and then prove a lemma that says
is that, in such a case,is very close to missing a pseudo- that the sum over all tasks with higher priority thaof the
deadline, even if it does not in fact miss it. We strengthen number of slots allocated to these tasks in the interval from
the pfairness property exactly enough to preclude this pos-B(z, t) until timet is m times the width of this interval. The
sibility. For tasks with relatively low weight (and there- intuition is straightforward, given the definition & (z, ),
fore long pseudoperiods), this restriction is of little sen and the fact that the scheduling algorithm schedules at most
quence, because the task has relatively many slots beforen tasks in each time slot.
the last one in each pseudoperiod in which to satisfy that .. ) .
pseudoperiod. Also, in a task set where some task is forcec%ef'n't'on 8: ,DefmeB(x,t) = max{t j Nt <t A
to satisfy some pseudoperiod in its last possible slot, it is 5 ygw S;‘h(gg ) j 7."’} +”1_.d(I;_et L(st cc:jn5| e_SA(y’t._l) to
likely that the same task will miss a later pseudodeadline euso (z,) is well-defined and non-negative.)
anyway, and thus our condition does not miss a schedula4{ emma 4: Forz € T, t € N, andv € (B(z, t), 1],
ble task set in this case. For tasks of greater weight (and
therefore shorter pseudoperiods), however, the restnicti Z D(y, B(z,t),v) = m(v — B(a, t)).

more severe. The simulation studies presented in the next y<z



Proof: By Definitions 3 and 7,

D(y, B(z,t),v) = z_: Sa(y,t).

t'=B(z,t)

Thus,

S DB =Y Y Sa@.t)

y<z y<z t'=B(z,t)
v—1

= Z ZS’A(y,t').

t'=B(z,t) y<z

By Definition 8 and Lemma 1, faf € [B(z, t), v),

Z SA(y,tl) =m.
Thus,
ZD(y,B(x,t),v) =m(v — B(z,t)). O

The next two lemmas show thatis valid but not sched-
uled for at Ieast[wimJ slots beforet. As explained above,

this shows that the interval betwe®{z, ¢) andt is at least
wl_, slots wide. The intuition for the first lemma is essen-

tially that if = is scheduled once per pseudoperiod, tlen

remains pfair.

Lemma 5: For a schedul&,z € T andt € N, if Cs(z,t—

[J—EJ) > wy(t — [WLJ +1-r,)—1andCs(z,t) <

wa(t+1—75)—landt' € [t— [M%J,t), thenS(z, ') = 0.

The intuition for the next lemma is thatis valid at time

t' if it has not yet satisfied the pseudoperiod(s) that include

timet.
Lemma 6: For a schedule&s andz € T, if Cg(z,t) <
we(t+1—74)—1, andt’ € [t— L%J ), thenvalid s (z, ¢')
holds.

By Lemma 4 and Definition 7, this implies that for alle
(B(z,1),1],

> [wy(v = B(z,1))] > m(v - B(x,1))).

y<z

The lemma follows by substituting= v — B(z,¢). O

The last lemma is the main lemma used to prove our
scheduling condition. It says that if some task violates the
stronger pfairness property, then our scheduling comditio
does not hold. The key part of this proof is to observe that,
by the definition ofB(z, t), not all processors are allocated
to tasks with higher priority tham at time B(z,t) — 1.
Thus, each such tagkis either invalid or is scheduled at
that time. We show that in either case, at tiBr, t), y has
satisfied all pseudoperiods that begin befBie, t). As ex-
plained above, this allows us to achieve a tighter bound on
the number of times is scheduled betweeB(z,t) and
someu € (B(z,t),t].

Lemma8:If (Jz € T3t > 71y :: Cg,(z,t) < wy(t+1—
rg) —1V Cs,(z,t) > wy(t —rz) + 1), then

(3z € T Yu € (0, [M%J] i Z [wyu] > mu).

y<zx

Proof: By Lemma 2, for somer € T andt > rg,
Cs,(z,t) < wgy(t+1—7r;) — 1. Chooser andt such
that

t>ry A Cs,(z,t) <wgp(t+1—ry) —1A
(VyeTVt <t
t'<ry V Cs,(y,t') >wy(t' +1—17y) —1). (1)

By Lemmas 5 and 6, we have

(Vt e[t — [szJ,t)  Sa(z,t') =0 A valids, (z,t)).
2)

By the construction o6 4 and Definition 8, this implies
that B(z,t) < t— [wiJ Also, becaus®B(z,t) —1 < t, (1)

x

implies thatCs , (y, B(z,t) — 1) > wy(B(z,t) —ry) — 1

The next lemma formalizes the counting technique de- holds for ally € T. This in turn implies that for all
scribed above, and makes an algebraic substitution that aly, - f Sa(y,B(z,t) — 1) = 1, thenCs, (y, B(z,t)) >

lows our condition to be independent Bf(z, t), which is
of course not available to the condition checker.

Lemma 7: Forz € T andt € N, if for all y < =,
Cs,(y, B(z,t)) > wy(B(z,t) — ry) holds, then

(Vu € (0,t — B(z,t)] =: Z [wyu] > mu).
y<z
Proof: Lemma 3 implies that, for any > B(z, t),

> D(y, Bz, ),0) < Y [wy(v - Bla, )]

y<z y<z

wy(B(z,t) — ry) holds. Also, for ally < z, if
Sa(y, B(z,t) — 1) = 0, then by Definition 8 and the con-
struction of S4, —walids, (y, B(z,t) — 1) holds. Thus,
CSA(y7B($7t)) = CSA(yaB("L" t)_l) > wy(B(x,t)—ry)
holds in this case too. Thus, by Lemma 7, the lemma holds.
(Observe that — B(z,t) > LU%J ) O

We now state the condition for the special 2-task case.
Due to lack of space, we defer the proof to the full paper.
The proof is similar in structure to the preceding proof, but
simpler.



Lemma 9: If T = {z, y} such thatw, + w, < 1, thenS, 0 and 1, and then attempted to create a task set with this
is pfair. utilization. This was achieved by repeatedly adding a new
task until the total utilization exceeded the target. Thus,
our task sets did not have exactly the target utilization, bu
this mechanism had the desired effect of spreading the total
Theorem 1: If utilization of the generated task sets over the entire range
where possible. We discarded any task set that did not have
(T =2 A Z wy < 1) V more thanm tasks, as such task sets are trivially schedu-
zeT lable, and trivially predicted by both our condition and by
Baruah’s in the 1-processor case. It remains to describe the

1.,
(Vz € T3t € (0, [w_zJ] - Z [wyt] < mt), mechanism we used to generate individual task weights.
y<z

Lemmas 8 and 9, together with Definition 4, yield the
following.

We wanted to be able to test a wide range of task sets,
with varying task weight distributions. In particular, we
wanted to avoid the possibility that all task sets would be
4 Evaluation made up of similar weight tasks. Therefore, we combined

two task weight distributions. With probabilit we sim-

In this section we describe simulation experiments we ply chose a task weight from a uniform, random distribution
conducted in order to evaluate the accuracy of our condi-from O to 1. With probability 1F', we first conducted 29 bi-
tion, and discuss the results of these experiments. nomial experimentswith probability of success equal .

We conducted experiments for 1, 2, 4, 8, 16, and 32 pro- We divided the total number of successes by 29 to give us
cessors. For 1 processor, we compare the number of task weight between 0 and 1. We then added a random num-
sets that are correctly scheduled by WM and the number ofber from a uniform distribution between -1/29 and 1/29 in
task sets identified as schedulable by our condition and byorder to avoid a quantization effect on task weights. We dis-
Baruah's condition [3]. For multiple processors, we evalu- carded tasks whose weights were not greater than zero and
ate only our condition, as Baruah’s condition does not apply less than one.
in this case. Below we describe our experimental method-
ology, and then discuss the results.

thenS 4 is pfair.

We first conducted experiments for 1, 2, 4, 8, 16, and 32
processors witlF" = 0.1. Thus, in these experiments, it is
expected that only 10% of task weights are chosen from a
uniform distribution between 0 and 1. For each number of

) ) ) processors and value @f, we conducted experiments for
We first describe the overall structure of our experiments. 4 _ 4 01.0.1.0.2.0.3.0.4.0.5. 0.6.0.7. 0.8. and0.9. Thus

For each experiment, we generated 10000 task sets and cafye tested task sets made up primarily of tasks with very low
egorized each one by total utilization into one of 100 “buck- weights (4 = 0.01) and weights ranging from relatively

ets”. The first bucket contains task sets that have utibzati |5, (A = 0.1) to relatively high @ = 0.9). In fact, with
less than 1%, the second bucket contains task sets thathavg _ (9 the experiments did not complete becalljse of the
utilization at least 1% but less than 2%, and so on. For each,, prob’ability of finding a task set with more thantasks

bucket, we recorded the total number of task sets generatedy¢ very high weight. We could have designed a special-case
the total number of task sets scheduled by WM, the total {55y set generator to collect data for this case, but given th
number of task sets predicted as schedulable by our condi;eqits we did collect. this did not seem worthwhile.

tion, and, in the case of 1 processor, the total number of task
sets predicted as schedulable by Baruah’s condition. As discussed below, the results fBr= 0.1 were very
In the graphs shown in Figures 2 through 4, thaxis encouraging. In order to explore the sensitivity of our re-
shows the buckets described above. Fhaxis shows a sults toF', we also conducted experiments for 32 processors
percentage of task sets. For example, a point on the “schedUsingF = 0.2 andF' = 0.4. Finally, we conducted experi-
uled” curve at (0.2,100) shows that 100% of all task sets ments for 1, 2, 4, 8, 16, and 32 processors With= 1. (In
generated in this experiment that had total utilizatioeast ~ this case, all task weights are chosen from a uniform distri-
19% and less than 20% were scheduled by WM. bution.) Due to limited space, we are unable to present the
It remains to describe how we generated task sets. EacHesults of all of these experiments here. Instead, we presen
experiment (one per graph shown) was specified by threeSOme interesting cases, and discuss general trends otbserve
parametersA, F, andm. m is the number of processors, in the other experiments.
and A and F' determined how individual task weights were
generated, as described below. For each task set, we chose a
total utilization target from a uniform distribution betame 3The reason for this choice seems to be lost to history.

4.1 Experimental Methodology




4.2 Results we have only one processor in this case, when we generate
tasks from a distribution with average weight greater than
Figures 2 and 3 show the results of the experiments with 0.5, Virtually all acceptable task sets (recall that we dis-

32 and 1 processors, respectively, with= 0.1. Each fig- card those that have total weight greater tharor fewer
ure shows one graph for each valuedbfested. thanm + 1 tasks) have exactly two tasks. Before we added

First, let us examine the results for our 32-processor ex-the special case to the condition, our condition deteréatat
periments, shown in Figure 2. In thé = 0.01 case, quickly in these cases. Similar reasoning suggests that al-
our condition is virtually indistinguishable from the opti Most all acceptable task sets in tHe= 0.7, m = 2 case
mal condition (i.e., the one that perfectly predicts schedu Would have exactly 3 tasks. Itis therefore tempting to con-
lability¥). Observe that even in the 80% to 90% utilization j€cture that our special case can be generalized to say that
range, almost all task sets are schedulable in all cases and!l séts ofm + 1 tasks with total weight at most can be
are correctly predicted as such by our condition. In the 90% Scheduled by WM om: processors. However, this is not the
to 100% utilization range, almost no task sets are schedu-ase. For example, a set of three tasks with weigjite,
lable, but those that are schedulable are correctly pelict 7/10, and6/10 is not schedulable by WM on 2 processors.
by our condition. (In fact most such task sets were not schedulable by WM.)

As we increased, we start to see a more noticeable dif- Observe thatin all cases, our condition correctly predicts
ference between our condition and the ideal one. Nonethe-Significantly more of the schedulable task sets than Basuah’
less, our condition continues to track the optimal one very condition does. The results obtained from Baruah's condi-
well up to relatively high utilization ranges and values of tion are consistent with what we would expect, given that
A. As discussed in Section 3, we expected our condition the condition is a function only of the total utilization and
to fare worse with higher task weights, and our experimentsthe number of tasks, rather than of individual task weights.
show that this is indeed the case. In particular, obsente tha FOr example, whent = 0.01, Baruah's condition predicts
in the A = 0.5 case for 32 processors, most task sets in VEry few task sets in the 70% to 80% range, and none in the
the 75%-80% utilization range are schedulable, while our 80% to 100% range. This is not surprising, as the utiliza-
condition predicts almost none of them. (This is the case tion bound of Baruah’s condition is less than 0.8 for three
in which our condition performed worst among all of our OF more tasks. Clearly the task sets generated in this exper-
experiments.) For larger values 4f WM is able to sched- iment with utilization in the 80% to 100% range are very
ule fewer task sets in this range, so the performance of ourU”“k_e'y to have fewer than three tasks.
condition, relative to the ideal one, improves. In almost  Figure 4 shows the results for 1, 2, and 32 processors
all cases, either very few task sets are schedulable, or out'SINgF’ = 1. (Thatis, in these experiments, all task weights
condition correctly predicts a substantial fraction ofglo ~ a@ré chosen from a uniform distribution between 0 and 1.)
that are. Observe that whehreaches 0.8, no task sets are Given that our condition is at a disadvantage when faced
schedulable. This is not surprising, as the task sets in suctVith tasks of relatively high weight, it (and the algorithm
cases are made of many high-weight tasks; such task set§Self) perform surprisingly well in this case. The restids
usually require a dynamic scheduling scheme because we 8, and 16 processors were similar.
have many similar tasks, each of which can be scheduled
during many consecutive slots. Static-priority schedylin 5  Concluding Remarks
schemes treat similar-weight tasks very differently intsuc

cases, and are therefore unlikely to succeed. We have presented a trivial extension to the static-
The results for 2, 4, 8, and 16 processors (not shown) yiqrity weight monotonic scheduling algorithm of Baruah
showed §|m|lar trends. For_ fewer processors, both WM and[3] to allow it to schedule sets of hard-real-time, preempt-
our condition performed slightly better. ~ able, periodic tasks on multiprocessors. We have also pro-
Let us now examine the uniprocessor results. In Fig- yided a sufficient condition for the schedulability of task
ure 3, we again compare our condition to the optimal one; sets ysing this algorithm. Our simulations indicate that,
we also include Baruah’s uniprocessor condition. As in the fo; task sets consisting of tasks that require a relatively
multiprocessor experiments, our condition tracks the-opti |ow fraction of a processor, the algorithm is very effec-
mal one extremely well for values of up to about 0.3, and  tjye and that our condition is highly accurate in predicting
then begins to do slightly worse. However, it is interesting hjs. These experiments also show that our condition sub-
to note that in this case, wheh > 0.5, almost all task sets  santially improves on the accuracy of Baruah's sufficient
are schedulable and our condition correctly predicts this. congition for uniprocessors. The algorithm and our condi-
This is due to the special case in our condition. Becausetion poth deteriorate as the average utilization of indieitd
“For convenience, we use “schedulable” to mean “schedulacbfair tasks increases. Nonetheless, in many applications, most
manner by WM" tasks require a relatively small fraction of a processor.
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Figure 3. Simulation results for 1 processdt,= 0.1.
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Figure 4. Simulation results for 1,2, and 32 processdrs= 1.

While we have restricted our presentation to the con-
text of scheduling migratable real-time tasks on multipro-
cessors, our work clearly has implications in other corstext
For example, our ideas could be used to substantially sim-
plify the solution to the Parallel Switching problem [1] by
producing a static-priority scheduling scheme and associ-
ated schedulability condition for this problem.

The key technique used to achieve our condition was a
strong per-task fairness requirement that directly pisu
the possibility that a task is scheduled on two processers si
multaneously. (Usually such a requirement must be explic-
itly stated.) This facilitates our relatively straightfeard
counting argument. We believe this technique will be of
value in deriving other multiprocessor scheduling results

It would be interesting to obtain a tighter condition.
However, given the accuracy of the condition presented [11]
here, it seems that a tighter condition will yield relativel
little improvement in most cases of interest. We would also
like to extend our result to allow dynamic arrival and depar-
ture of tasks with our condition (or something similar) as an
admission control test. As a first step, we have accounted in
this paper for tasks with arbitrary release times.

Acknowledgements: The authors are grateful to Sanjoy
Baruah for valuable feedback and encouragement.
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