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Introduction

Gouraud shading was developed to enable piecewise
linear interpolation of curved surfaces [1]; however, linear
interpolation is not appropriate for some shading functions.
For example, linear interpolation of specular highlights
does not produce realistic results. This report discusses
polynomial interpolation of specular highlights that
produces realistic results for only a modest increase in
computational complexity relative to linear interpolation.

Phong [2] proposed calculating specular highlights

proportional to (see Figure 1). In this
formulation,V represents a vector in the viewing direction
andR represents a reflected vector calculated by reflecting
the light source vectorL about a surface normal vectorN.

Figure 1: The normal vector is interpolated

The function is raised to an arbitrary power ofn
so as to narrow this function in order that specular
highlights occur only for small values ofθ. A significant
computational cost of Phong shading is interpolating the
normal N at each pixel because normalizingN requires
calculating a reciprocal square root. In addition, if the
viewer and light source lie at finite distances from the
shaded surface, it is also necessary to compute and
normalizeL andV at each pixel, which requires calculating

two more reciprocal square roots. Raising to thenth
power can also involve considerable computation expense.

Because of these and other computational difficulties,
several investigators have proposed various ways to reduce
the calculation required to model specular highlights.
Blinn [3] computed specular highlights proportional to

, where H represents a vector in the
direction of maximum highlights computed as the
normalized bisector of vectorsL andV

(1)

This approach avoids the difficulties involved in calculating
the reflected vectorR, but requires normalization ofH at
each pixel in cases where the viewer and light source lie at
finite distances from the shaded surface. Duff [4]
employed forward differencing to evaluate the Phong
shading equation. This technique simplifies the shading
calculations but does not eliminate vector normalization at
each pixel. Bishop and Weimer [5] used a two-
dimensional Taylor expansion to approximate the Phong
shading equation and thereby eliminated normalization at
each pixel.

Shantz and Lien [6] eliminated normalization by
interpolating using a bicubic parametric surface.
Kirk and Voorhies [7] eliminated normalization by
interpolating quadratically via forward differences.
Seiler [8] has recently suggested a similar approach. Kuijk
and Blake [9] eliminated normalization by linearly
interpolating the angleϕ between N and H, then by

calculating  via piecewise quadratic approximation.
Bergman et al., [10] limited Phong shading calculations

to those polygons on which a specular highlight is
predicted to occur. The prediction involved comparing the
direction of the vector of maximum highlightsH to the
direction of a highlight vector computed at each polygon
vertex. This comparison failed to detect cases where a
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specular highlight occurred on the polygon at places other
than a vertex. Harrison et al., [11] proposed a more general
technique that tested whether the highlight function
would exceed a threshold value: (1) at a polygon vertex, (2)
along a polygon edge, or (3) on the interior of the polygon.
This test failed to detect some cases of a specular highlight
on the interior of the polygon.

These approaches suggest the following approach to
reducing the computational compexity of calculating
specular highlights: (1) limiting the calculation of specular
highlights to those polygons on which the highlights are
predicted to occur; (2) calculating the specular highlights
in a manner that avoids normalizing vectors at each pixel;
and (3) approximating the power function with a simpler
function. Requirements 1 and 2 may be met by
interpolating a highlight function using a quadratic Bézier
triangle [12]. Requirement 3 may be met by using a cubic
polynomial in lieu of a power function.

Quadratic Bézier Triangle

Figure 2 illustrates a quadratic Bézier triangle. As its
name suggests, it has triangular topology and quadratic

Figure 2: A quadratic Bézier triangle

geometry. Each of its three curved edgesP200P020,
P020P002 andP002P200 is a quadratic Bézier curve. These
three curves enclose a quadratic surface. This parametric
surface may be evaluated via the vector-valued function

(2)

to produce a pointp on the surface, whereP200, P020, P002,
P110, P011 andP101 are the control points for the surface,

and b0, b1 and b2 are a set of interpolants known as
barycentric coordinates [13]. The pointp011 is calculated
in this manner.

An important property of the Bézier triangle is known as
the convex hull property [14]. This property guarantees the
parametric surface to be enclosed by the convex
polyhedron defined by the control points. In Figure 2, the
convex hull is constructed by connecting the six control
points with line segments.

Barycentric Coordinates

Figure 3 depicts the planar triangleP200P020P002 from
Figure 2 where pointsP200, P020 and P002 have been
relabeled P0, P1 and P2, respectively, in order to
underscore its planar nature.  TriangleP200P020P002  is a

Figure 3: Barycentric coordinates

linear Bézier triangle. Its three linear edges enclose a
planar surface which may be evaluated via the vector-
valued function

(3)

The importance of eq. 3 extends beyond the calculation of
the pointp via linear interpolation of pointsP0, P1 andP2

using the barycentric coordinates . This

equation also provides a simple method for calculating the
barycentric coordinates from the cartesian coordinates of
points p, P0, P1 and P2. For example, assume that the

cartesian coordinates of pointsP0, P1 and P2 are

defined in screen space. Further assume that the
coordinates of the pointp define a pixel at which
interpolation is required to accomplish shading
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calculations. It is possible to solve for the barycentric
coordinates of the pointp by constructing three

simultaneous linear equations. The first equation is simply

which expresses the fact that the sum of the

barycentric coordinates must equal one. The two other
equations are generated from eq. 3 by explicitly writing the
linear interpolation that computes the coordinates of

the pointp from the coordinates of pointsP0, P1 and
P2.  Then the three simultaneous linear equations are

(4)

Solving these three equations forb0, b1 andb2 yields the
barycentric coordinates of the pointp

(5)

wherea0, a1 anda2 are the screen-space areas of triangles
pP1P2, pP2P0 and pP0P1, respectively, from Figure 3
[13].

Once the barycentric coordinates have been calculated
using eq. 5, they may be employed to interpolate other
coordinates of the pointp, such as the color coordinates

or texture coordinates . This interpolation is
accomplished via substitution of the barycentric
coordinates into eq. 3 to perform linear interpolation, or
into eq. 2 to perform quadratic interpolation. However,
because the perspective projection introduces a nonlinear
distortion into the screen coordinates, it is necessary that
the interpolation correct for this distortion. Interpolation
that corrects for this distortion has been described
previously [15], and is known asrational linear
interpolation [16] orhyperbolic interpolation [17].

Hyperbolic Interpolation

Hyperbolic interpolation requires the screen-spacew
coordinates of pointsP0, P1 and P2. (Screen-spacew is
proportional to eye-spacez, as discussed in [18].) The

hyperbolic interpolation of texture coordinates will
be considered in order to illustrate this form of
interpolation. It is accomplished via three operations: (1)
projection of a homogeneous texture vector ,
defined at each vertex, from eye space into screen space via
division by w to form (u/w, v/w, 1/w); (2) interpolation of

, and in screen space using eq. 3;
and (3) projection of the interpolated vector (u/w, v/w, 1/w)
back into eye space via division by to recover

. For theu-coordinate, these three operations may
be represented as the ratio of two linear interpolations

(6)

A useful relation may be derived from eq. 6. The first
step of this derivation is multiplication of the right-hand
side of eq. 6 byw0w1w2/w0w1w2 to yield

(7)

Substituting the definitions ofb0, b1 andb2 from eq. 5 into

eq. 7 and eliminating  gives

(8)

Equating the coefficients ofu0, u1 and u2 in eq. 8 to the
coefficients ofP0, P1 andP2, respectively, in eq. 3 yields
the following definitions for the barycentric coordinates

(9)

It is possible to derive eq. 9 by projecting the barycentric
coordinates from screen space into eye space [19].

Although eq. 6 expresses hyperbolic interpolation in
terms of a rational interpolation formula, eq. 9 expresses
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hyperbolic interpolation in terms of barycentric coordinate
interpolants. The substitution of these barycentric
coordinates into eq. 3 or eq. 2 accomplishes linear or
quadratic interpolation, respectively, while correcting for
the nonlinear distortion introduced by the perspective
projection. Linear interpolation may be used to interpolate
color coordinates , whereas quadratic interpolation
is useful for interpolating a highlight function.

Highlight Function

Earlier research into the interpolation of a highlight
function [6],[7] suggests that an appropriate highlight
function ought to be . This highlight
function may be approximated using a quadratic Bézier
surface. The surface is defined by calculating values for
the six control pointsC200, C020, C002, C110, C011 and
C101, which are analogous to the control pointsP200, P020,
P002, P110, P011 and P101 of Figure 2, except thatC200,
C020, C002, C110, C011 and C101 are scalars instead of
vectors because they represent cosines.

The first step of calculating these six cosines is the
creation of the six unit normal vectorsN200, N020, N002,
N110, N011 andN101, as shown in Figure 4.

Figure 4: Normal vectors

Three of these vectors,N200, N020andN002, are simply the
unit normal vectors associated with the three vertices of a
triangle. Linear interpolation between these normal
vectors, followed by renormalization, creates the other
three unit normal vectors,N110, N011 andN101, associated
with the midpoints of the triangle edges. For example,
N011 is calculated as

(10)

The other two vectors,N110 and N101, are created in an
analogous manner.

The next step of calculating the six cosines is the
computation of dot products between the vector of
maximum highlightsH and the six unit normal vectors
N200, N020, N002, N110, N011 andN101. If the viewer and
light source lie at an infinite distance from the shaded
surface, the vectorH may be assumed to be constant.
However, if the viewer and light source lie at finite
distances from the shaded surface, it is necessary to create
a different vectorH for each of the six unit normal vectors.
Independent of whether one or six vectorsH are required, a
dot product is calculated using each of the six unit
normal vectors. These six dot products create the six
cosinesc200, c020, c002, c110, c011 andc101. These cosines
are not control points, but rather points lying on the
quadratic surface (see, for example, the pointp011 of
Figure 2.)

Creation of the control points from these cosines is
straightforward. The vertex control pointsC200, C020 and
C002 equal the vertex cosinesc200, c020 and c002,
respectively. The other three control pointsC110, C011 and
C101 are created from the subdivision formula for a
quadratic Bézier triangle. For example, the following
expression results when the barycentric coordinates
(0, 1/2, 1/2) are substituted into eq. 2

(11)

Solving this expression forC011 yields

(12)

The other two control points,C110 andC101, are created in
an analogous manner.

The six control pointsC200, C020, C002, C110, C011 and
C101, computed as described above, define a quadratic
highlight function useful for calculating specular highlights
at each pixel within a triangle. The first step of calculating
a specular highlight is to evaluate the quadratic highlight
function via eq. 2 to produce a cosinec. The next step of
calculating a specular highlight has historically been to
raise this cosine to an arbitrary power ofn [2],[3]. Raising
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this cosine to an arbitrary power ofn serves to narrow the
highlight function such that specular highlights occur only
for small angles. A similar narrowing effect may be
achieved more easily by using the cosinec to evaluate a
cubic polynomial. The cosine is first reparameterized so
that specular highlights occur only for cosines lying in the
narrow range (typically,

and , where is the largest angle for

which a specular reflection is visible.) This reparameteri-
zation is calculated as

(13)

and produces the parametert in the interval for

values ofc in the interval . These values oft

are used in the cubic polynomial

(14)

in order to calculate the specular parameters. The
combination of eq. 13 and eq. 14 produces a highlight
function that transitions smoothly from 0 to 1 for values of
the cosinec lying in the interval .

The final step in the creation of a specular highlight is
to sum the components of the specular, diffuse and
ambient colors. One approach to this summation is to use
the specular parameters as a linear interpolant to blend
between the specular color and the combined diffuse and
ambient colors. For example, ifgs represents the green
component of the specular color, andgda represents the
green component of the combined diffuse and ambient
colors, then the blended green componentg is

(15)

Figure 5a shows an example of a specular highlight
blended in this manner. This highlight is contained within
the edges of a single triangular polygon whose limits
extend beyond the rectangular region displayed.

Precision Requirements

It is possible to predict the bit precisionp required for
interpolation using eq. 2. This precision is determined in
part by the number of bitsb necessary to represent the
interval clo...chi. When , noise becomes visually

apparent. For example, Figure 5b calculated with
demonstrates noise at the margins of the oval specular
reflection. In contrast, Figure 5a calculated with
does not demonstrate this noise.

Figure 5: Specular highlights

The parametersb and p are related in a simple way.
Because interpolation of eq. 2 must span  degrees,

(16)

Substituting and into eq. 16 and

solving forp gives

(17)

Using and in eq. 17 gives .

Hence 16 bits would be required for interpolation using eq.
2 if a visually noiseless specular highlight were desired for

.

Predicting Specular Highlights

The convex hull property of the Bézier triangle may be
used to separate the polygons on which specular highlights
might occur from the polygons on which no specular
highlight could possibly occur. Such a culling is possible
because the convex hull generated from the control points
is guaranteed to enclose the parametric surface defined by
those control points. This property suggests that in order to
determine whether a specular highlight might occur on a
polygon, it is necessary to compareclo to the six control
pointsC200, C020, C002, C110, C011 andC101 which define
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the highlight function for that polygon. If any one of these
control points is greater thanclo, then a specular highlight
might occur on the polygon. In this case, it is necessary to
perform quadratic interpolation at each pixel enclosed by
the polygon in order to calculate the intensity of the
highlight at that pixel. However, if all of the control points
are less thanclo, then no specular highlight could possibly
occur on the polygon, and it is not necessary to perform
quadratic interpolation.

Figure 6: Space shuttle highlight

When the convex hull property is used to identify those
polygons on which no specular highlight could possibly
occur, 90 percent of pixels are eliminated from quadratic
interpolation in the typical case. For example, Figure 6
depicts a specular highlight on the left windscreen of the
space shuttle [20]. Of the 1,064,480 pixels shaded to create
this 1024 by 1024 pixel image, only 106,115 pixels
required quadratic interpolation.

The convex hull property reduces highlight computation
to a fraction of the total cost of the shading calculation.
Table 1 indicates the arithmetic operations required to
evaluate various equations (multiplication by 2 is
equivalent to an addition.) Linear interpolation of the color
coordinates requires three executions of eq. 3, and
hence requires 9 multiplications and 6 additions.
Quadratic interpolation may be accomplished via eq. 2.
However, this equation can be rearranged into the
following, slightly more efficient form that requires 9
multiplications and 8 additions

(18)

One highlight calculation requires execution of eq. 13, eq.
14, eq. 15, and eq. 18. Thus, this calculation requires 15
multiplications and 13 additions. However, because
highlight calculations are required only 10 percent of the
time, the average cost of a highlight calculation is only 1.5
multiplications and 1.3 additions. Thus the average cost of
including a highlight calculation with an
interpolation is 10.5 multiplications and 7.3 additions.
Compared to the cost of an isolated interpolation,
the inclusion of the highlight calculation increases the
multiplications and additions by only 17 and 22 percent,
respectively.

It is instructive to compare the cost of quadratic
interpolation computed via eq. 18 to the cost of Phong
shading (linear interpolation ofN, computation of

for constantH, and renormalization of by the
magnitude of N.) Linear interpolation ofN and the
computation of require four executions of eq. 3.
Renormalization requires computing the dot product ofN
with itself (another execution of eq. 3), computation of a
reciprocal square root, and multiplication by the reciprocal
square root. The reciprocal square root may be calculated
via Newton-Raphson iteration as

(19)

where and are successive approximations to the

reciprocal square root ofy. Assuming a 4-bit initial
approximation, it is possible to calculate a 16-bit result via
two iterations of eq. 19. Hence, the cost of Phong shading
is 22 multiplications and 14 additions per pixel.
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Implicit to the foregoing discusion are the assumptions
that the viewer and light source lie at an infinite distance
from the shaded surface, and that thereforeH is constant.
In the case where the viewer and light source lie at finite
distances from the shaded surface,H is not constant, and
the cost of Phong shading is considerably higher. For this
case,L andV must be constructed and normalized prior to
constructingH. Then must be normalized by the
magnitudes ofN andH. The cost of Phong shading that
includes all these operations is 56 multiplications and 41
additions per pixel. For comparison, the cost of quadratic
interpolation computed via eq. 18 is on average 0.9
multiplications and 0.8 additions per pixel, because this
interpolation is only performed for 10 percent of the pixels.

Limits of Applicability

It is important to understand the conditions under which
quadratic interpolation can accurately model a specular
highlight. In order to be useful, the accuracy should be
similar to that obtained via Phong interpolation. In Phong
interpolation, the renormalization at each pixel guarantees
that the endpoints of the interpolated vectors lie on the
surface of a sphere. For this reason, the accuracy with
which quadratic interpolation approximates the surface of a
sphere indicates the accuracy with which quadratic
interpolation can approximate Phong interpolation.

Figure 7: Approximating a sphere

Figure 7 shows a quadratic Bézier triangle that
approximates the surface of a unit sphere [12]. The six
labeled points are located at a unit radius from the origin.

Three of these points form the vertices of the Bézier
triangle, and may be used as control points. The other
three are located at the midpoints of the triangle edges, and
may be used to generate control points via eq. 12. If the
Bézier triangle were to coincide exactly with the surface of
a unit sphere, each pointp on the surface of the Bézier
triangle would lie at unit radius from the origin. The
amount by which the Bézier triangle deviates from the
surface of a unit sphere may be calculated by integrating
the radius from the origin to the pointp over the extent of
the Bézier triangle. Because the coordinates of
the pointp are functions of the barycentric coordinates as
indicated by eq. 2, it is possible to define the square of the
radius from the origin to the pointp as a function of the
barycentric coordinates

(20)

Expanding the functions forx, y andz using eq. 2, and
integrating the resulting equation over the extent of the
Bézier surface, then taking the square root of the result
yields a lengthy expression for the average radius in
terms of the control points of the Bézier surface. Because a
quadratic Bézier triangle deviates from the surface of a unit
sphere, this radius is not unity. Instead, the radius increases
as the angle subtended by the edges of the Bézier triangle
decreases. Table 2 shows the dependence of this radius
upon the angle subtended by the edges of both quadratic
and cubic Bézier triangles. For comparison, each edge of
the Bézier triangle shown in Figure 7  subtends 90 degrees.

Table 2 demonstrates that when the edges of the Bézier
triangle subtend 22 degrees or less, the quadratic and cubic
Bézier triangles approximate the surface of a sphere with
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high accuracy. The table also shows that the cubic Bézier
triangle approximates a unit sphere only marginally better
than does a quadratic Bézier triangle.

Figure 8: Highlights on approximated spheres

Figure 8 demonstrates how the deviation of the average
radius from a unit radius affects the specular highlight
calculated for a quadratic Bézier triangle. In Figure 8a
each edge of the triangle subtends 45 degrees, whereas in
Figure 8b each edge subtends 22.5 degrees. Both figures
were calculated with , and so specular

highlights are visible when . For Figure 8a,
the average radius is 0.992 (see Table 2), and therefore the
average cosine is at most 0.992, which is less than the
lower limit required to produce a specular highlight. For
Figure 8b, the average radius is 1.0004 (see Table 2), and
so the average cosine is greater than the lower limit
required to produce a specular highlight.

Clipping the Highlight Function

Figure 9 illustrates clipping triangleP0P1P2 to a
rectangular viewport. Associated with triangleP0P1P2 is
the quadratic highlight function enclosed by curvesP0P1,
P1P2 and P2P0. This highlight function is defined by
control pointsP200, P020, P002, P110, P011 and P101 (see
Figure 2.) Clipping triangleP0P1P2 produces triangle
T0T1P2. In order to compute specular highlights for
triangle T0T1P2, it is necessary to create a new highlight
function enclosed by curvesT200T020, T020P2 andP2T200.
Creation of this new highlight function is accomplished by
reparameterization of the highlight function associated
with triangle P0P1P2 to produce the new control points
T200, T020, T002, T110, T011 andT101, as demonstrated in
Figure 10.

Figure 9: Polygon and highlight clipping

Figure 10: Reparameterized highlight function

Reparameterization of the highlight function is a three
step process. First, the barycentric coordinates ,

and are associated with the triangle
vertices P0, P1 and P2, respectively. Next, these
barycentric coordinates are clipped to the viewport via
linear interpolation contemporaneous with clipping of the
vertex coordinates [21]. Finally, these clipped
barycentric coordinates are used to reparameterize the
highlight function via a blossoming algorithm [12].

The first step in deriving the blossoming equation is to
express eq. 2 in the recursive de Casteljau formulation

(21)
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x y z w,,,( )

p b0 b1 b2,,( ) P200b0
P110b1 P101b2+ +( )b0

P110b0 P020b1
P011b2+ +( )b1

P101b0 P011b1 P002b2
+ +( )b2

+

+

=
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Next, are substituted for the barycentric

coordinates outside of the parentheses in eq. 21 to obtainT
as a function of two sets of barycentric coordinates

(22)

The blossoming algorithm is executed by substituting
the appropriate pairs of barycentric coordinates into eq. 22
to obtain the reparameterized control pointsT200, T020,
T002, T110, T011 andT101. The barycentric coordinates to
be substituted into this equation are produced by clipping
the barycentric coordinates , and
that were associated with the triangle verticesP0, P1 and
P2, respectively, prior to clipping. The barycentric
coordinates produced by clipping are associated with
verticesT0, T1 and P2, and are designated ,

and , respectively. In order to

understand the execution of the blossoming algorithm,
consider the calculation ofT110. This control point is

calculated by substituting for , and

by substituting for in eq. 22. In

other words,

(23)

Table 3 shows the barycentric coordinate substitutions
required to calculate each of the reparameterized control
pointsT200, T020, T002, T110, T011 andT101.

A final comment regarding clipping deals with the
problem that arises when clipping a triangular polygon
creates a polygon with more than three vertices. Because
all of the interpolation equations, including eq. 2, eq. 3, eq.
9 and eq. 22 apply to triangles only, any polygon having
more than three vertices must be decomposed into a set of
triangles prior to applying these equations.

Conclusion

Bézier triangles provide an effective method for
interpolating specular highlights. Compared to Phong
shading, interpolation of Bézier triangles results in
dramatic increases in efficiency, due in large part to the
convex hull property of Bézier triangles. The convex hull
allows a simple test that eliminates the need to interpolate
specular highlights for 90 percent of pixels in the typical
case. This paper discusses specular highlights modeled
using quadratic Bézier triangles. For a selection of images,
results obtained using cubic Bézier triangles are
indistinguishable from the quadratic case.

Bézier triangles suggest a general approach to defining
polynomial shading functions for planar triangles. The
planar nature of these triangles permits rapid calculation of
barycentric coordinates that may be used as interpolants in
the polynomial shading functions. These shading
functions may be clipped to the visible viewport by using
clipped barycentric coordinates in a blossoming algorithm.

Table 3

Control Point

T200

T020

T002

T110

T011

d0 d1 d2,,( )

T b0 b1 b2,,( ) d0 d1 d2,,( ),[ ]
P200b0

P110b1 P101b2+ +( )d0
P110b0 P020b1

P011b2+ +( )d1
P101b0 P011b1 P002b2

+ +( )d2

+

+

=

1 0 0,,( ) 0 1 0,,( ) 0 0 1,,( )

b0 b1 b2,,( )
0

b0 b1 b2,,( )
1

b0 b1 b2,,( )
2

b0 b1 b2,,( )
0

b0 b1 b2,,( )

b0 b1 b2,,( )
1

d0 d1 d2,,( )

T110 T b0 b1 b2,,( )
0

b0 b1 b2,,( )
1

,[ ]=

b0 b1 b2,,( ) d0 d1 d2,,( )

b0 b1 b2,,( )
0

b0 b1 b2,,( )
0

b0 b1 b2,,( )
1

b0 b1 b2,,( )
1

b0 b1 b2,,( )
2

b0 b1 b2,,( )
2

b0 b1 b2,,( )
0

b0 b1 b2,,( )
1

b0 b1 b2,,( )
1

b0 b1 b2,,( )
2

T101

Table 3

Control Point b0 b1 b2,,( ) d0 d1 d2,,( )

b0 b1 b2,,( )
2

b0 b1 b2,,( )
0
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