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Abstract:

This paper reviews the engineering solutions and economic models for fair allocation of network bandwidth
to elastic flows. By using examples, it gives insight to Proportional Fairness, and how it compares to the
fairness achieved by TCP.

The second topic is a discussion of fair bandwidth allocation between multicast and unicast flows. By sep-
arating the discussion into economic and engineering viewpoints, this paper discusses ideal solutions and
suggests practical approaches to achieving reasonable fairness.
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1. Introduction

Background
The design of today’s Internet was heavily influenced by the doctrine Keep It Simple.  The
network concentrates on routing and forwarding packets, and wastes no time in deciding how to
regulate traffic. To control congestion, simple algorithms are used in the transport (TCP) in the
end systems to react to congestion. Relying on the elastic nature of much of the traffic, the
sharing model is to accommodate all incoming traffic and to degrade service gracefully and fairly
when there is congestion, rather than to adopt admission control as the telephone system does. As
a result, there is no need for any other bandwidth sharing mechanisms; the economic policy of
bandwidth sharing is built into the transport algorithms, almost as a side effect of congestion
control. Based on the success of the Internet, this minimalist approach has worked very well.

The engineering
There was little study of the economic ramifications of the bandwidth sharing policy affected by
the congestion control algorithms at the time they were designed. The simple notion of sharing
the bottleneck bandwidth fairly was the only guiding consideration.  The fairness of TCP-style
congestion control algorithms was first analyzed in [Chiu].  The rather awkward terminology of
Additive Increase Multiplicative Decrease1 used to describe these algorithms stuck, and is often
used to refer to the TCP congestion control algorithms by the performance analysis community.
The analysis in [Chiu] was based on a single bottleneck resource. The generalized model of
network fairness is the Max-Min fairness, which had been discussed in earlier literature and
described clearly in [Bertsekas].  For an Additive Increase Multiplicative Decrease algorithm to
approximately result in Max-Min fairness, it would require the competing flows to traverse the
same number of links (or have approximately the same roundtrip time).

It is known that TCP favors short flows (defined as flows that pass through a small number of
links, or with a smaller roundtrip time). Since TCP is window-based, each flow’s minimum
window size is 1.  Under congestion, the window sizes for short flows have a lower bound of 1
whereas the windows for long flows are reduced much more (proportionally); with more
equalized window size, short flows achieve higher throughput than long flows due to the shorter
roundtrip time to refresh the window. Closed-form equations of TCP's throughput have been
studied under static conditions [Floyd], [Mathis], [Padhye]. It roughly approximates to

                                                          
1 A more sensible terminology, used by some people today, is linear increase/exponential decrease.
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where T is the roundtrip time, q is the fraction of packets lost, and c a constant. If the value of q is
approximately the same for all flows sharing the same bottleneck, then the ratio of the throughput
of two TCP flows is inversely proportional to the ratio of their roundtrip times.

These engineering successes have led many to believe (apparently) that TCP fairness is the
perfect policy for elastic traffic to share network resources, and new protocols must strictly
emulate TCP.

The economics
More recent research re-examined the economic models of network bandwidth sharing. In
[Kelly1], [Kelly2] and [Gibbens], Kelly and others proposed a model of optimizing a utility
function associated with network flows. Kelly further applied operations research techniques to
solve the optimization problem, and illustrated that different notions of fairness would result from
different utility functions.  In particular, when applying a logarithmic (or diminishing returns)
utility function for each flow, the resultant solution tends to favor short flows more than long
flows.  Kelly terms this Proportional Fairness, and proposes that this is a more suitable form of
economic policy (fairness) for bandwidth sharing. In applying a LaGrangian technique for
solving the optimization problem, Kelly was also able to apply other economic interpretations to
his models; for example, certain variables in the model correspond to shadow prices and usage
charges of network bandwidth.

Subsequently, [Massoulie] took Kelly’s framework and considered other possible utility
functions, such as maximizing the sum of the throughputs of all flows, or minimizing the sum of
the delays (inverse throughput) of all flows.  The comparison of the resultant sharing policies
(fairness criteria) to those of Max-Min and Proportional fairness shed light on the diversity of
policies that might be considered.

This paper
Our observations in this paper discuss some misconceptions that seem to come up when trying to
explain successful engineering with economic interpretations, and when applying the elegant
economic models to engineering reality.

The first topic of discussion involves a claim that TCP implements Proportional Fairness. This
claim is euphoric in that it brings together the engineering success and a newly found economic
theory. We show that while what TCP implements and Proportional Fairness have some similar
properties, they are different; we give a counter example to illustrate this. To further explain the
difference, we sketch a constructive algorithm that derives a Proportional Fair solution from a
Max-Min solution.

The second topic of discussion involves a widely proposed policy that a multicast flow should be
TCP friendly in its bandwidth sharing algorithms. Since TCP is believed to implement
Proportional Fairness, some argue that the bandwidth share allocated to a multicast flow should
be proportionally fair in the Kelly sense. Using Kelly’s model, we explain the meaning of making
multicast proportionally fair. This demonstrates the naivete of applying proportional fairness to
flows that justifiably should have different utilities than a regular TCP flow. This leads us to
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discuss the question of how unicast and multicast flows should share network bandwidth, from
both an economic and engineering point of view.

2. TCP and Proportional Fairness
TCP is observed to favor short flows in its resultant bandwidth allocation. Proportional Fairness
suggests allocating more bandwidth to shorter flows in many scenarios. Therefore, does TCP
implement proportional fairness?  Not necessarily.

Proportional Fairness
We briefly review Kelly’s derivation of Proportional Fairness.

The network has a set of J  resources, and Cj is the finite capacity of resource j. A flow i is
represented as a non-empty subset of J, and the set of all flows is I. Set Aji=1 if flow i goes
through resource j and set Aji= 0 otherwise.  This defines a 0-1 matrix A. Associate each flow
with a user, and suppose that if a rate xi is allocated to user i then this has a utility Ui(xI) to the
user. Assume that utilities are additive, so that the aggregate utility of all users is the sum of each
user’s utility; then the economic problem is to maximize the aggregate utility:

Any rate allocation x that satisfies Ax≤ C, and x≥ 0 is called a feasible allocation.

Assuming elastic traffic [Shenker], a reasonable utility function for U() is log(). Using this utility
function and Lagrangian multiplier techniques, Kelly found that the solution to the above problem
must satisfy the following criteria: x must be feasible, and for any other feasible allocation y:

Such an allocation x is called proportionally fair.

This definition of the proportional fairness solution is descriptive but non-constructive.  An often
used example (for example in [Massoulie]) is as shown in the following figure:

There are n concatenated links, and (n+1) flows in the network.  Each link has bandwidth of 1
unit. Flow 0 goes through all the links; flow 1 goes through link 1; flow 2 goes through link 2;

Figure 1. Proportional Fairness Example
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and so on, and flow n goes through link n as shown in Figure 1. The Max-Min fair solution for
this network is to assign the same rate to all the flows:

where xi is the rate allocated to flow i. The Proportional Fairness solution, on the other hand, is to
allocate the bandwidth as follows:

Let us take for granted that this solution is correct (a derivation will be shown later).  You can
check this solution against the necessary and sufficient conditions for Proportional Fairness stated
earlier for verification.

A quick observation one can draw is

Or the bandwidth allocation is (inversely) proportional to the length of the flow.  Without going
through more examples, it is tempting to generalize this observation for this particular example as
a general property of Proportional Fairness.

Counter example
Let us consider a slightly different scenario as depicted below:

The network in this example is the same as in the previous example, but there are only two flows.
Flow 0 still traverses all links, while flow 1 goes through only link 1.  This time the Proportional
Fairness solution is the same as the Max-Min fair allocation:

Figure 2. Proportional Fairness Counter Example
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This shows that the “property” that the allocation is inversely proportional to the length of the
flow is not generally true.

In order to ensure that we have the correct proportional fair solutions for these two examples, let
us go through the derivations as they are relatively simple for these examples.2

For the example in Figure 1, by symmetry, the solution for x1 through xn must be the same, and
we let that be equal to p. This means x0 equals (1 - p).  Kelly’s utility function thus becomes

Since this is a strictly concave function, the maximum occurs when the derivative of this function
is 0:

Hence

For the example in Figure 2, however, the utility function becomes

Hence the different proportional fair solution.

In fact, in Kelly’s original paper [Kelly1], it was clearly stated on page six that “…if each flow xs

passes through a single bottleneck, then the solution x is necessarily Max-Min fair.”  So this
counter example is only applicable to a misconception that is not Kelly’s.

Kelly went on to say “…This conclusion does not, however, apply when flows pass through
multiple bottlenecks.”  And these are indeed the scenarios when proportional fairness differs from
Max-Min fairness.  Here lies the intuitive explanation.  Only when a connection passes through
multiple bottlenecks does it have the potential of sacrificing its own utility with a greater return in
terms of social welfare (the utility of all flows as sum).

A future research exercise is to study both randomly generated networks and real networks to
analyze how often flows go through multiple bottlenecks.

                                                          
2 The derivation of a slightly more general form of this problem is in [Massoulie]. We are including the
simple derivation for convenience rather than novelty.
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Constructing a proportional fair solution
Not all networks are amenable to the kind of simple analysis afforded by examples 1 and 2
(illustrated in Figures 1 and 2) above. Is there a simple way to construct a proportional fair
solution by iteration rather than by solving the mathematical model? Here we discuss a simple
idea and a sketch of a centralized algorithm.

There is a centralized algorithm to derive a Max-Min solution without much complexity, for
example see a description in [Bertsekas]. The starting point of our algorithm is the Max-Min
solution.  At this point, each flow makes an altruistic move, starting from the longest flow. If the
flow goes through a single bottleneck, it is exempted; otherwise, it gathers all other flows
competing with it (for the multiple bottlenecks) and finds an amount of reduction in its own flow
that would cause the maximum increase in the total utility of this subset of flows.3  For relatively
simple network scenarios, we conjecture that this algorithm will converge quickly to a
proportional fair solution.

The problem is, of course, the cyclic situations as illustrated by the following example:

When a cyclic flow pattern is discovered, it should help the altruistic flow to terminate its offer to
reduce rate appropriately.  The details of this aspect of the algorithm have not been fully studied
and are left for further research.

3. Bandwidth Sharing between Unicast and Multicast Flows
Multicast in the Internet, known as IP multicast, experienced its share of success failure. Its
success was in demonstrating several realistic and suitable applications that can greatly benefit
from the multicast technology4: live audio/video channel dissemination to widely spread
receivers, and collaboration among widely separated users. Due to whatever reasons, it also
earned a bad reputation for hogging the network bandwidth and negatively impacting the
operation of the rest of the Internet. Perhaps because of this reputation, network managers are
often very cautious with further experimentation with multicast. In addition, the Internet
Engineering Task Force (IETF) orchestrated a very strong guideline for developing a TCP-
friendly multicast congestion control scheme [RFC2357], realizing that congestion control is
where network bandwidth sharing policies are implemented on the Internet today.

The IETF guideline suggests that a multicast flow be treated as a unicast flow.  The actual
interpretation of how to make the unicast equivalent of the multicast flow TCP-friendly has been

                                                          
3 This can be thought of as the point of diminishing returns for further sacrifice.
4 We are referring to the experimental services provided by the MBONE.

Figure 3. Example of a network of cyclic flows
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a subject of research, often a topic of heated debate in the Reliable Multicast Research Group
(chartered by the IETF).

We give our observations in two parts below.  First, we take an economic perspective on this
question. The emphasis in this case is not on the practicality for implementation, but on
explaining different alternatives based on reasonable (global) models.  Then, we get into the
engineering aspects by first discussing some of the current proposals, then propose a new idea.

The economic discussion
Let us take Kelly’s model and consider what it means to make a multicast flow proportionally fair
as if it were a unicast flow. First, consider the following simple example network:

Suppose there is one multicast flow that goes from S to R1, R2, …, Rn. And there are n unicast
flows from S to Ri  for i = 1 to n, respectively. If we treat the multicast flow as if it were a unicast
flow, then the application of Kelly's model to this problem reduces it to an identical problem as
the problem in Figure 1, assuming the multicast flow is flow 0. Hence the solution is also
identical:

This implies that the larger the multicast group the smaller its share of the proportional bandwidth
it would get. We are confident that no one would consider this as fair, simply from intuition.

To recapitulate, we started wanting to make multicast share bandwidth fairly with unicast; since
proportional fairness is a good criterion for unicast fairness, we applied that to multicast; what we
got is intuitively unfair. So, what went wrong?

The mistake is to assume that the utility function for the multicast flow is the same as that of a
unicast flow.

For the sake of argument, let us consider a multicast flow that goes to n receivers gives the same
utility as if the n receivers had n different senders. This changes the sum of the utilities to be

Figure 4. Multicast example
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and the optimal p for this problem is the same as that using  f2(p), hence

This now seems to be a quite satisfactory solution, intuitively.  As we learned our lesson from the
previous section, it is quite dangerous to make a conclusion based on one example.

Let us consider another example where we have the same network as in Figure 4, but only two
flows: the same multicast flow plus only one unicast flow from S to R1. Again, assuming the
utility of the multicast is the same as n unicast flows, the sum of the utility is now:

Applying the same technique, we see the solution is

This time, the multicast flow gets n times the bandwidth of the sole unicast flow that is competing
with it. Somehow, this does not seem intuitively right.

It is not clear that the utility of n receivers receiving a multicast flow is the sum of (n times) the
utility of each receiver receiving from a unicast flow. There are various efforts and costs that are
associated with being part of a multicast session. A receiver has to receive at the same time, the
same rate, and exactly the same content as other receivers, which may not necessarily be
convenient for any given receiver. There are perceived cost-savings from sharing a ride such that
if a multicast receiver is asked to pay the same amount as a unicast receiver, it may not feel it is
justified. For a variety of reasons of this kind, it seems economically not quite appropriate to
equate a multicast to n unicast flows.  Therefore, a sensible utility function of a multicast is
probably something in-between the utility of a single unicast flow and n times of a single unicast
flow.  A recent paper [Legout] studied a number of possibilities, among them is a utility function
that depends on log(n) instead of n. More research on this topic should perhaps try to factor in the
costs associated with multicast as we alluded to earlier.

Once a function of n is added to the multicast flow’s utility function, the resultant fairness
solution becomes a Weighted Proportional Fairness solution as described in Kelly’s study (with
the weight being a function of n). An approximate interpretation of weighted proportional fairness
is that it gives the flows with weights in their utility functions a larger share of the congested
bandwidth, in an amount roughly proportional to the weights.

Our economic observation is non-conclusive.  By showing two extreme examples, we seemed
uncertain in what we are trying to say. Actually there is a clear message; that is, from an
economic point of view, the key is to know the utility function for a multicast flow.  When an
appropriate utility function for multicast flows is used, the resultant fairness solution is then
incentive-compatible.
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The engineering discussion
The primary focus of the following discussion is not to arrive at an engineering solution, but to
discuss what constitutes a set of reasonable fairness requirements for implementing multicast
congestion control.

The challenge is to adhere to the Keep it simple doctrine, yet be as incentive-compatible as
possible.

Observation 1: can’t afford to use n

One key factor limiting the design of an engineering solution is the following. Multicast in the
Internet (known as IP multicast) is currently designed as an anonymous service. In other words,
the network does not tell the sender how many receivers are receiving its data. This design is
clearly consistent with the Keep it simple doctrine. This means, however, that even if we come up
with a perfect utility function for an n-receiver multicast flow (presumably a function of n), it is
difficult if not infeasible to implement the corresponding fairness solution in a congestion control
mechanism.5  So our first engineering observation is that for the sake of network simplicity, it is
acceptable to forego the use of a weight for the multicast utility function that is dependent on n.
But at the same time, we take note that we are possibly mistreating the multicast flows.

Observation 2: representative is okay

Most proposals for multicast congestion control fairness amount to the following.  Given a
multicast flow with n receivers, try letting only one receiver work with the sender to implement a
TCP-compatible congestion control algorithm,6 and repeat this for all receivers.  Then pick the
slowest throughput (produced by one representative receiver working with the sender) as the
multicast flow’s fair share. See [Strawman] as an example proposal.

Consider applying this representative approach to the two extreme examples based on the
network in Figure 4 that we discussed earlier. For both examples, the multicast flow gets
allocated half of the bottleneck bandwidth. This is not too bad, although in the two-flow example
we would like to see the multicast flow get a higher share (but not as much as n times).

Observation 3: relaxed TCP emulation

Once we assume there is a representative,7 we have roughly reduced the multicast flow down to a
unicast equivalent,8 and the question is how this unicast equivalent should share bandwidth with
other flows.  The TCP purist would advocate an exact emulation of TCP.  This is clearly
attempted by [Strawman] for example. We suggest this is not necessary for two reasons:

                                                          
5 Of course, one can go through the trouble of building a separate service that derives the receiver
population information and feeds it into the congestion control mechanism somehow.  There are also some
engineering proposals for the multicast network to keep receiver population information for accounting
purposes.
6 These proposals vary in how the representative receiver and the sender actually implement a TCP-
compatible congestion controller. Some use almost the exact TCP windowing mechanism; some use a rate-
based equivalent approach; some sample network loss and use a formula to determine the TCP-equivalent
rate; yet others use a combined window and rate-based approach. For our discussions, the actual
mechanism is not important.
7 This is a logical notion for the discussion of fairness.  We are not mandating that a reasonable protocol
must explicitly elect a representative, as long as the same kind of behavior is achieved.
8 We say roughly because the multicast flow still incurs traffic that is not on the path from the sender to the
representative receiver. For the engineering discussion, we are not going to be this exact.
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1. Recall in observation 1 above we explained that for simplicity reasons, these (TCP-friendly)
proposals do not use a receiver population-based weighting factor, hence under-allocating
bandwidth to multicast flows. Therefore, we argue we should go out of our way now to make
sure we treat the unicast equivalent (of the multicast flow) as fair as possible. Specifically, we
should allow the multicast flow to get an equal share of the bottleneck bandwidth (Max-Min
fairness) if that is easy to implement engineering-wise.

2. The effort that goes into emulating TCP exactly can be high. In adopting a TCP-formula
based approach (for example [Strawman]), it should not be necessary to use a measured
roundtrip time (corresponding to the unicast equivalent flow).  Instead, we suggest that a
roundtrip time that roughly corresponds to the bottleneck delay would suffice.  This ensures
that the unicast equivalent gets no less bandwidth than other competing TCP flows.

Of course, if emulating TCP exactly is the easiest way to implement in your protocol, that should
also be allowed.

Observation 4: Max-Worst fairness

Let us call the fairness criterion discussed here Max-Worst fairness (for multicast). For simplicity,
the "Worst" corresponds to a decision not to include a weighting factor that is a function of the
receiver population in the solution.  The "Max" corresponds to the extra effort in attempting to
ensure fairness for the unicast equivalent of the multicast flow.

Let us illustrate the Max-Worst fairness with an example:

As in earlier examples, there is a single multicast flow with n receivers, except receiver R1 is m
links further away from the sender. The darker link is the bottleneck where n other flows traverse.
Because of the bottleneck location, the unicast equivalent is the path from S to R1.When
competing with other TCP flows traversing the bottleneck, the Max-Worst fairness lets the
unicast equivalent pretend that R’I  is the receiver in order to ensure the multicast flow gets at
least 1/n of the bottleneck bandwidth.

4. Conclusions and Future Work
In this paper, we explained some of the subtle differences between Max-Min fairness,
Proportional Fairness, and the fairness TCP implemented. In doing so, we distinguished between
an economic view and an engineering view of the subject: the former tries to prescribe, often
abstractly and taking a global view, whereas the latter implements, often approximately, what is
feasible or simple.  We clarified some misconceptions that often come up in engineering

Figure 5. Example to illustrate TCP emulation with Max-Worst fairness
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discussions. For the difficult problem of allocating bandwidth to both multicast and unicast flows,
we presented some observations, both from an economic and an engineering point of view.

At various places in the paper, we suggested areas for further research. For example:

• The work on a procedure to derive a Proportional Fair solution starting from a Max-Min fair
solution is sketchy and incomplete.

• Analysis of how often and by how much Max-Min and Proportional Fairness differ, in both
random and selected real networks, would be interesting information.

• Investigation into what constitutes a suitable multicast utility function that factors in both the
receiver population, as well as some of the costs associated with multicast in comparison to
its unicast equivalents, needs to be undertaken.

• The engineering approach to multicast congestion control is still an active area of research,
and much work remains to be done.
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