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Fig. 13.An alternative specification of a JOIN as a specification composition of two snippets

Figure 15b shows the result of the specification composition of the snippets
of Figure 14. Notice that the initial state of the graph of Figure 15b carries label
2, whereas the product of the labels of the initial states of the snippets from
Figure 14 isr. This means that the label of the initial state of the specification
of the SEQUENCER is rounded down to2, because the SEQUENCER initially
cannot produce an output. Notice also that the arbiter is in ar state only when
it has received one or two requestsanda done signald. Initially, we assume that
signald has been received.

The specification of the SEQUENCER involves a significant amount of con-
currency. Requestsr0 andr1 can arrive independently of each other, which con-
tributes to sequences of events that may not be easy to envision if we were
to generate the state graph directly rather than by computing the specification
composition of snippets. Thinking in terms of snippets allows us to focus on a
few aspects of the behavior of the SEQUENCER, which combined lead to the
final specification. It also allows us to give a concise specification: ann input
SEQUENCER requires onlyn + 1 small snippets, whereas the complete state
graph quickly becomes prohibitively large.

12 Commands

We use a textual notation calledcommandsto represent snippets. A command
is a regular expression for the legal trace set of a snippet. The basic building
blocks area? anda! denoting an input and an output action, respectively. IfE

andF are commands, thenE;F denotes theirconcatenation, E j F denotes the
union, and�[E] denotes the unbounded repetition ofE.

The safety and progress properties of the traces of a command are defined as
follows. First we stipulate that commands always express safe snippets. Thus,
every illegal trace obtained from a legal trace by adding an output symbol is
labeled with>, and every illegal trace obtained from a legal trace by adding an
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Fig. 14.Snippets for the SEQUENCER

input symbol is labeled with?. Secondly, from the definition of a snippet, it
follows what the labels are for legal traces: if an output is possible after a legal
trace, then that trace is labeled withr; otherwise, the legal trace is labeled with
2.

Because a command defines a snippet and a snippet is a process, we can
use commands to specify processes. For example, a specification for a WIRE
by means of a command is

WIRE = �[ a?; b! ]

A specification for a two-input JOIN as a command is

JOIN= �[ a?; c! ]
& �[ b?; c! ]

A specification for an initialized SEQUENCER as a command is

SEQUENCER= �[ r0?; g0! ]
& �[ r1?; g1! ]
& �[ (g0! j g1!); d? ]
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Fig. 15.A specification of an arbiter

13 Part-Wise Design Method

In this section we outline the part-wise design method that applies to situations
where specificationS is expressed as a specification composition of snippets,

S = j[A :: P & Q ]j

The setA represents “auxiliary internal” symbols, which are hidden. Notice that
processS may not be a snippet, because snippets are not closed under hiding.

Our goal is to obtain a refinement for specificationS in a part-wise manner.
The first step is to seek output-persistent refinements for each of the snippets
P andQ in isolation. Then we combine components of the output-persistent
refinements for snippetsP andQ and arrive at a refinement for specificationS.

Assume that snippetP can be refined by the network composition of snip-
petsP0 andP1, and that snippetQ can be refined by the network composition
of snippetsQ0 andQ1. Assume, furthermore, that these refinements are output-
persistent refinements:

P vo P0 k P1

Q vo Q0 k Q1

Recall that the network compositionP0 k P1 represents the product ofP0�P1,
whereP0 andP1 have no outputs in common. By Theorem 8 (5), the product of
P0 andP1 then is equal to the rounded product ofP0 andP1: P0 k P1 = P0
P1.
A similar reasoning applies to the network composition ofQ0 andQ1. Thus we



have

P vo P0 
 P1

Q vo Q0 
Q1

Recall that snippets are closed under rounded product. Thus,P0 
 P1 and
Q0 
 Q1 are snippets. Hence, we can apply monotonicity of rounded product
with respect to output-persistent refinement and transitivity of output-persistent
refinement, which leads to

P 
Q vo P0 
 P1 
Q0 
Q1

Next, in order to replace the rounded product
 by & or k, we group snip-
pets that have outputs or inputs in common, but not symbols that are an in-
put in one process and an output in the other process. For example, assume
that snippetsP0 andQ0 have only outputs in common. Thus, we can write
P0 
 Q0 = P0&Q0. From our specification we know thatP 
 Q = P &Q.
Hence, we get

P &Q vo (P0&Q0)
 P1 
Q1

Finally, if the processesP0&Q0, P1, andQ1 have no outputs in common, then
by Theorem 8 (5), the rounded product of these processes is equal to their net-
work composition:

P &Q vo (P0&Q0) k P1 k Q1

Thus we have derived that the specification composition of snippetsP andQ can
be refined by a network of three processes, where each process is a specification
composition of one or more snippets from the part refinements.

The last step in obtaining a refinement forS is the inclusion of hiding. Re-
call that the output-persistent refinement implies the standard refinement. Fur-
thermore, hiding is monotonic with respect to refinement. Thus, we get our final
refinement forS

j[A :: P &Q]j v j[A :: (P0&Q0) k P1 k Q1 ]j

Let us summarize the part-wise design method. In order to obtain a refine-
ment of a specification composition of snippets, we first look at refinements of
the individual snippets in isolation. Then, we group those snippets that have
symbols in common such that each common symbol is an output in all snippets
or an input in all snippets. If any group of snippets has no outputs in common



with any other group of snippets, then the specification composition of the snip-
pets in each group represents a process in an implementation of the original
specification.

We emphasize that verifying output-persistent refinements ofP andQ in
isolation and then combining the results using part-wise refinement tends to be
significantly less complex than performing a “flat” verification of a refinement
of specificationS. Notice that the verification work is proportional to the num-
ber of states in a specification, and the number of states inP &Q can be of the
order of the product of the number of states ofP andQ. Thus, by looking at
snippetsP andQ in isolation, we may avoid a state explosion.

13.1 Dining Philosophers: Specification

We illustrate an application of the part-wise design method to the problem of
the dining philosophers. The dining philosophers is a canonical synchronization
problem that was originally stated by Dijkstra [8]:

N philosophers, numbered from 0 throughN � 1 are living in a
house where the table is laid for them, each philosopher having her own
place at the table. Their only problem — besides those of philosophy —
is that the dish served is a very difficult kind of spaghetti, that has to be
eaten with two forks. There are two forks at each plate, so that presents
no difficulty, but as a consequence, however, no two neighbors can be
eating simultaneously.
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Fig. 16.Three dining philosophers

To keep the example simple, we consider the case with only three philoso-
phers using the table shown in Figure 16a. We would like to design a device that
schedules the meals for the philosophers. Each philosopher is engaged in an un-
bounded cycle of thinking followed by eating. When philosopheri gets hungry,



she sends signalhi to the scheduler, shown in Figure 16b. If both forksfi and
fi+1 are free, the scheduler sends signalei to philosopheri to inform her that
she can eat, where additions are modulo3. When philosopheri has finished a
meal, she releases the forks. This release eventually leads to signalsfi andfi+1
to the scheduler, meaning that forksi andi+ 1 are no longer in use.

Let us demonstrated how to arrive at a specification of a non-trivial com-
ponent such as the scheduler for dining philosophers by using a specification
composition of snippets. First we specify that, if a philosopher becomes hungry,
she will eventually eat. That is, inputhi must be followed by outputei. This
observation leads to the following snippets fori = 0; 1; 2

�[hi?; ei! ]

Next we turn to the use of the forks. Each fork can be accessed by two philoso-
phers, but only one philosopher may use it at any time. Thus, for forki, signal
fi must be followed by either signalei or ei�1. We assume that initially all forks
are on the table. These observations lead to the following snippet that describes
the usage of forki:

�[ (ei! j ei�1!); fi? ]

The specification of the meal scheduler simply is the specification composition
of the six snippets introduced above:

SCH= �[h0?; e0! ]
& �[h1?; e1! ]
& �[h2?; e2! ]
& �[ (e0! j e2!); f0? ]
& �[ (e0! j e1!); f1? ]
& �[ (e1! j e2!); f2? ]

The complete state graph for this specification contains 64 states and would be
hard to find without the using the specification composition.

13.2 Dining Philosophers: Implementation

Figure 17 shows an implementation of the meal scheduler consisting of three
SEQUENCERs. This implementation closely follows Dijkstra’s solution [8].
Each SEQUENCER corresponds to a semaphore guarding the usage of a fork.
The connections between the SEQUENCERs implicitly force an order in the
assignment of forks to philosophers. This particular implementation stipulates
that philosophers0 and1 first get assigned their left-hand forks and then their



right-hand forks. Notice that, for philosopher0 for example, signalh0 first
must propagate through the SEQUENCER with inputf0 and then through the
SEQUENCER with inputf1 before the implementation produces outpute0.
Philosopher2, on the other hand, first gets assigned her right-hand fork and then
her left-hand fork. This approach follows Dijkstra’s solution [8] of the dining
philosophers problem, where such an asymmetry in the sequence of acquiring
forks guarantees the absence of deadlock.
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Fig. 17.A solution to the dining philosophers problem

We verify this implementation in a few steps using the part-wise refinement.
We first introduce the internal symbolsx; y, andz in the specification of the
scheduler and name the resulting specification SCH0:

SCH0 = �[h0?;x!; e0! ]
& �[h1?; y!; e1! ]
& �[h2?; z!; e2! ]
& �[ (x!; e0! j z!; e2!); f0? ]
& �[ (e0! j y!; e1!); f1? ]
& �[ (e1! j e2!); f2? ]

The introduction of symbolsx; y and z is based on the schematic of the
implementation in Figure 17. Without proof we mention that

SCH = j[x; y; z :: SCH0 ]j (17)

The snippets that form SCH0 have the following simple refinements:

�[h0?;x!; e0! ] vo �[h0?;x! ] & � [x!; e0! ]
�[h1?; y!; e1! ] vo �[h1?; y! ] & � [ y!; e1! ]
�[h2?; z!; e2! ] vo �[h2?; z! ] & � [ z!; e2! ]
�[ (x!; e0! j z!; e2!); f0? ] vo �[ (x! j z!); f0? ] & � [x!; e0! ] & � [ z!; e2! ]
�[ (e0! j y!; e1!); f1? ] vo �[ (e0! j y!); f1? ] & � [ y!; e1! ]
�[ (e1! j e2!); f2? ] vo �[ (e1! j e2!); f2? ]



According to our part-wise refinement method we must group snippets with
common output symbols and take their specification composition. The network
composition of these groupings forms a refinement of the scheduler. We con-
sider three groups: one group of snippets that have outputsx! andz! in common;
one group of snippets that have outputsy! ande0! in common; and one group of
snippets that have outputse1! ande2! in common. Thus, we get

SCH
v j[x; y; z ::

( �[h0?;x! ] & � [h2?; z! ] & � [ (x! j z!); f0? ] ) (SEQUENCER)
k ( �[h1?; y! ] & � [x?; e0! ] & � [ (e0! j y!); f1? ] ) (SEQUENCER)
k ( �[ y?; e1! ] & � [ z?; e2! ] & � [ (e1! j e2!); f2? ] ) (SEQUENCER)
]j

Consequently, the implementation of SCH consists of three SEQUENCERs
connected as shown in Figure 17.

If an implementation assigns the forks of each philosopher in the same or-
der, then, as demonstrated in [8], the resulting “solution” has a possibility of
deadlock. Our refinement relation detects such deadlocks as progress violations.

The solution can easily be generalized to any number of philosophers. A flat
verification of such an implementation quickly becomes impossible, even for a
machine, because of the state explosion. Using part-wise refinement, however,
our proof obligations increase only slightly and can simply be done by hand.

14 Conclusions

We have presented a formalism for the specification and implementation of pro-
cesses, with some applications to the design of asynchronous circuits. Three as-
pects of of this formalism deserve a special mention: the network composition,
the specification composition, and the part-wise refinement method.

The network composition models the joint behavior of a network of devices,
where each device is represented by a process. The specification composition,
on the other hand, models the behavior of just one device as a combination of
snippets, where each snippet represents an aspect of the device’s behavior. The
usefulness of the specification composition becomes apparent when we specify
complex behaviors that involve a large degree of concurrency. State graphs for
such specifications tend to grow quickly and may become difficult to keep track
of. It has been our experience that individual snippets tend to remain small in
size, and a list of snippets tends to be smaller and easier to keep track of than
the state graph that represents the complete behavior. Furthermore, focusing on



small individual aspects of a complex behavior allows us to gain a better insight
into the operation of a device.

The part-wise refinement method allow us to avoid a state explosion in the
verification: Instead of verifying a complete implementation, the part-wise re-
finement method allows us to verify the refinements of just the snippets of a
process. The part-wise refinement can be used in combination with a stepwise
refinement, also called hierarchical verification. Together they form powerful
tools in any verification.

Snippets play a central role in our formalism. We try to specify a process by
means of a specification composition of snippets and we express an implemen-
tation of a process by means of a network composition of processes, where each
process often is also a snippet. Thus specifying and implementing a process both
amount to composing snippets.
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